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Abstract. We collect here various conjectures on congruences made by 
the author in a series of papers, some of which involve binary quadratic 
forms and other advanced theories. Part A consists of 100 unsolved con- 
jectures of the author while conjectures in Part B have been recently con- 
firmed. We hope that this material will interest number theorists and 
stimulate further research. Number theorists are welcome to work on 
those open conjectures; for some of them we offer prizes for the first correct 
proofs. 



Introduction 

Congruences modulo primes have been widely investigated since the 
time of Fermat. However, we find that there are still lots of new challenging 
congruences that cannot be easily solved. They appeal for new powerful 
tools or advanced theory. 

Here we collect various conjectures of the author on congruences, most 
of which can be found in the author's papers available from arxiv or 
his homepage. We use two sections to state conjectures and related re- 
marks. Part A contains 100 unsolved conjectures of the author while Part 
B consists of conjectures that have been recently confirmed. Most of the 
congruences here are super congruences in the sense that they happen to 
hold modulo some higher power of p. The topic of super congruences is 
related to the p-adic T-function, Gauss and Jacobi sums, hypergeomet- 
ric series, modular forms, Calabi-Yau manifolds, and some sophisticated 
combinatorial identities involving harmonic numbers (cf. K. Ono's book 
[O]). The recent theory of super congruences also involves Bernoulli and 
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Euler numbers (see [Sllb, Slle]) and various series related to 7r (cf. [vH], 
[S-7] and [Tl]). Many congruences collected here are about Y7k=o a k/ mk 
modulo powers of a prime p, where m is an integer not divisible by p and 
the quantity ajt is a sum or a product of some binomial coefficients which 
usually arises from enumerative combinatorics. 

For clarity, we often state the prime version of a conjecture instead of 
the general version. 

We also include several challenging conjectures on series related to 7r 
or the Dirichlet L-function which arose from the author's investigations of 
congruences, see Conjectures A3, A5, A40, A44. 

For some conjectures we announce prizes for the first correct proofs, see 
remarks after Conjectures Af , A39, A44, A46, A48. 

Now we introduce some basic notation in this paper. 

As usual, we set 

N= {0,1,2,...} and Z+ = {1, 2, 3, . . . }. 

The Kronecker symbol b~ m ^ n takes 1 or according as m = n or not. The 

rising factorial (x) n is defined by (x) n = YYk=o( x + k)> an d {x)o is regarded 
as 1. For an integer m and a positive odd number n, the notation (^) 
stands for the Jacobi symbol. For an odd prime p, we use q p (2) to denote 
the Fermat quotient (2 P_1 — I) /p. For a prime p and a rational number 
x, the p-adic valuation of x is given by 

v p {x) = sup{a G N : x = (mod p a )}. 

For a polynomial or a power series P(x), we write [x n ]P(x) for the coef- 
ficient of x n in the expansion of P(x). For fci, . . . , k n 6 N, we define the 
multinomial coefficient 

h + --- + k n \ (fci + ... + k n )\ 



k\, . . . , k n J k\\ • ■ ■ k n \ 

Harmonic numbers are given by 

n 

H =0 and H n = J2z (n = 1, 2, 3, . . . ). 



k=i 



For n E N, C n denotes the Catalan number ^ ( 2 ^) = ( 2 ^) - ( n 2 "J and 

Cn ^ stands for the (first kind) second- order Catalan number 2 n+i Cn) = 
( 3 ^) - 2( n 3 ^ 1 ). Note that if p is an odd prime then 

'2k\ (2k)\ p+1 

~~ U (mod p) tor every k = — - — , ... ,p — 1. 



k J (k\) 2 
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Bernoulli numbers B , Bi, B 2 , ■ ■ ■ are rational numbers given by 

B = l and ^] \B k = for n E Z + = {1, 2, 3, . . . }. 

k=o ^ ' 

It is well known that B 2n +i = for all n G Z+ and 



—- = Y^B n — (|x|<2tt). 
e x — 1 n\ 



n=0 

Euler numbers E , E\ , E 2 , . . . are integers defined by 

E = l and E(Y) E ™-fc = for n G Z+ = {1,2,3,...}. 



k=0 
2\k 



It is well known that E 2n +i = for all n E N and 



oo 2n 

B ecx=X;(-l) B ^^j (n<|) 

n=0 



Bernoulli polynomials and Euler polynomials are given by 

= E (t) B ^ n ~ k and = E (?) § (* - *)""* (* e 

A;=0 V J fc=0 V 7 V J 

For A, £? G Z we define the Lucas sequences u n = u n (A, B) (n E 
and u n = v n (A, B) (n E N) as follows: 

wo = 0, ui = 1, and = Au n — Bu n -\ (n = 1, 2, 3, . . . ); 

w = 0, i>i = 1, and = Av n - Bv n - X (n = 1,2, 3, . . .). 

Part A. Conjectures that remain unsolved 
Conjecture Al ([Sllb]). Let p be an odd prime. Then 

k=0 v 7 

Ax 2 - 2p (mod p 2 ) if (|) = 1 & p = x 2 + 7y 2 with x, y E Z, 
(mod p 2 ) if (f ) = -1, i.e., p = 3, 5, 6 (mod 7). 
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fc=0 



Remark, (a) It is well known that p = x 2 + 7y 2 for some x, y G Z if p is an 
odd prime with (|) = 1. The congruence modulo p can be easily deduced 
from (6) in Ahlgren [A, Theorem 5]. Recently the author's twin brother 
Z. H. Sun [Su2] confirmed the conjecture in the case (|) = — 1. I'd like to 
offer $70 (US dollars) for the first correct proof of Conj. Al in the case 

(?) = !• 

(b) Let p be an odd prime. By [Slle, Theorem 1.3] or [S-7, Theorem 
1.5], Conjecture Al implies that 

§(3p - Ax 2 ) = 32y 2 - §p (mod p 2 ) if (f ) = 1 & p = + 7y 2 (x, yeZ), 
fp(modp 2 ) if(f) = -l. 

We ever wrote that the author was unable to guess Y^O:=o k Ck) m °d V 
in the case (|) = 1 though we formulated Conj. Al on November 13, 
2009. After reading this remark, on Nov. 28, 2009 Bilgin Ali and Bruno 
Mishutka guessed that for p = x 2 + 7y 2 with x, y G Z we have 

f2k\ S f Hy 2 /3 - x 2 (mod p) if 3 | y, 

k=0 



kj " L 4(y 2 - x 2 )/3 (mod p) if 3 \ y. 

Since x 2 = — 7y 2 (mod p), we can simplify the congruence as follows: 

f2k\ S 32 2 32 2 
fc=o ^ ' 

Conjecture A2 ([Slle]). (i) If p is a prime and a is a positive integer 
with p a = 1 (mod 3), then 



J] (21Jfe + 8) (jj = 8p a (mod p«+ 5 +(-D P 



)• 



(ii) t4w/ integer n > 1 satisfying the congruence X]fc=o(21& + 8) ( 2 fc fc ) = 
8n (mod n 4 ) must be a prime. 

Remark, (a) The author [Slle] proved that for any prime p and positive 
integer a we have 

1 p ° _1 /2k\ 3 

— J](21fc + 8)[ u ) =8 + 16p 3 S p _ 3 (modp 4 ), 
p k=o ^ ' 
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where £?_i is regarded as zero, and £? , B 2 , ■ ■ ■ are Bernoulli numbers. 
(When p > 5, the congruence even holds mod p 5 if we replace l6p 3 B p - S 

by —48pH p -i.) See Conj. Al for our guess on J2k=o Ck) m °d P 2 - 

(b) The author [S-7] proved that for any prime p > 3 we have 

(p ~ 1)/2 /?A 3 

(21fc + 8)( J =8p+(-l)^- 1 )/ 2 32p 3 E p _ 3 (modp 4 ), 

fc=0 ^ ' 

which has the following equivalent form: 

(p-i)/2 21 , _ R 

E 2fc 3 = (-l) (p+1)/2 4^ P -3 (mod p) (for any prime p > 3). 
fc=i fc3 (fc) 

Note that E^li(21A;-8)/(fc 3 ( 2 fc fc ) 3 ) = C(2) =tt 2 /6 by [Z] (see also [HP1, (7)]). 

(c) The author has verified part (ii) of Conj. A2 for n ^ 10 4 . 

Conjecture A3 ([Slle]). (i) Set 

n " 1 / Ah \ 



( 4k \ 

^(35A; + 8) Sl 71 " 1 ^ /or n G Z H 



M2n + l)e„«)f; 

TTien a n G Z unless 2n + 1 a power of 3 in which case 3a n G Z \ 3Z. 
(ii) Let p be a prime. If p > 3, then 

^ E ^7^ U fc> fc> ,J - 8 + (mod /) /or all a G Z , 



fe=0 

and 



(P"l)/2 



^ 35/c + 8 / 4A; \ o . . 3 . 



fc=0 

7/ (f ) = 1, i.e., p = 1, 2, 4 (mod 7), toen 



and 



fc=0 v 7 fc=0 



3 g fc (*) 3 .5g^l (m odA 

I — n \ / I — n 



fc=0 x ' fe=0 

If (if) = —1 and p 7^ 3, t/ien 

p-1 / 4fc \ 

^u^j =0(modp2) _ 

fc=0 



(iii) We have 

^ (35fc-8)81 fc 2 

k — 1 \k .k .k .k / 



6 



ZHI-WEI SUN 



Conjecture A4 ([Sllb, Slle]). (i) For every n = 2, 3,4, . . . we have 



^ n-1 /nl x 2 



E(ll* + 3)( 2 *) (*) 6 4->-* eZ . 



"(2»+ !)(„)»-„ 

(ii) Let p be an odd prime. Then 

P-l /2fc\ 2 /3A;\ 

64 fc 

fc=0 

- 2p (mod p 2 ) if (£) = 1 & 4p = z 2 + lly 2 (x, y G Z), 
(mod p 2 ) if (£) = -1, ie., p = 2, 6, 7, 8, 10 (mod 11). 

Furthermore, 

1 C^ 1 life + 3 (2k\ 2 f3k\ 7 o . , 4 . „ „ . 

^E-6iS-( fc J ( J - 3 + -p 3 5 p _ 3 (mod /) /ora/ZaGZ+. 

(iii) If p > 3 is a prime then 

(P v^ /2 (ll£;-3)64 fc . . 64 2n . , 3 , 

P E TTT^Ti^ ^32 Qp (2)--p 2 i? p -3 (modp 3 ), 

*=i ^(fc) (?) 3 
w/iere q p (2) = (2P~ l - I) /p. 



Remark. It is well-known that the quadratic field Q(v— TT) has class 
number one and hence for any odd prime p with (^-) = 1 we can write 4p = 
x 2 + lly 2 with x, y G Z. Concerning the parameters in the representation 
4p = x 2 + lly 2 , Jacobi (see, e.g., [HW]) proved the following result: If 
p = 11/ + 1 is a prime and 4p = x 2 + lly 2 with x = 2 (mod 11), then 

* = G/)( 3 /)/(#) Mp)- 

Conjecture A5 ([Slle]). (i) For n G Z+ set 



2 «-l /<w \ - 



(>') ("')» 



n—l — k 



^ +l)Ofo 

Then a n G Z /or all n = 2,3,4, ... . 
(ii) Let p 6e an odd prime. Then 

P-1 /2fc\ 2 /3fc\ 

gfc 

fc=0 

4x 2 - 2p (mod p 2 ) i/ (^) = 1 & p = x 2 + 2y 2 (x, y G Z), 
0(modp 2 ) i/(^) = _i. 
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Also, for any a G Z + we have 

E 

fc=0 

(iii) We have 



1 P ^ 10k + S f2k\ 2 f3k\ , 49 3 4 



(lQfc-3)8 fc _ 7T 2 

Conjecture A6 ([Slle]). Le£ p > 3 be a prime. If p = 1 (mod 6) and 
p = x 2 + 3y 2 with i,j/GZ, i/ien 

P-1 /2fc^3 p-l , / 2fc x3 

^ ^ = 4x 2 - 2p (mod p 2 ) and £ ee p - ^- (mod p 2 ). 

fc=0 fc=0 

If p = 5 (mod 6), t/ien 

£ ^ = (mod p 2 ) -E¥^ (™d f 2 )- 

fc=0 fc=0 

Furthermore, 

i £ ^ (T) 3 s 1 + gp 3 - 8 - 3 < mod " 4 » f° r aU e z+ - 

^ A:=0 V / 

ana 7 

(p-1)/2 /2fc^ 3 . 

E (3fc + l)^=P + 2( — )p 3 i? p _3 (mod/). 

A;=0 VP/ 

1 n_1 /2AA 3 

9 E( 3fc + !) ( J 16n " 1_fc G Z /° r a« n = 2, 3, 4, . . . . 

\ n I k=0 



Remark. Z. H. Sun [Su2] confirmed the conjecture that X]fc=o Ck) /16 fc = 
(mod p 2 ) if p is a prime with p = 5 (mod 6). Also, the first identity of J. 

Guillera [G3] in the case a = 1/2 gives E^i(3^-l)16 fc /(^ 3 ( 2 fc f) = ^V 2 - 
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Conjecture A7 ([Slle]). Let p be an odd prime. Then 

P-1 (2k\ 3 /_ 1 x 

E( 3fc + Vjziy; = p [—) + p 3e p-z ( mod p 4 ) 



fc=0 

and furthermore 

n-l 



:= ^pyE( 3fc + 1 )( fe J (-8r- 1 - fc GZ+ /oraHn = 2,3,4,.... 



2 

Remark. Note that ai = 1/4 and (2n+l)a n +i +4na n = (3n+l)( 2n " 1 ) for 
n = 1, 2, 3, Also, the third identity of Guillera [G3] with a =1/2 gives 

Er=i( 3A: - 1 )(- 8 )V(^ 3 ( 2 fc) 3 ) = -2G, where G is the Catalan constant 
defined by G = E^o(-l) k /( 2k + I) 2 = 0.915965594 .... 
Conjecture A8 ([Slle]). (i) For n e Z+ set 



a n := - 
n 



Then a n G Z /or n = 2, 3, 4, . . . unless 2n + 1 is a power of 3 in which case 
3a n G Z \ 3Z. 

(ii) Let p > 3 6e a prime. Then 

/or any a G Z + . VFe afeo /iare 

P-1 /2fe\ 2 /3fe\ 

\ ^ UJ IfcJ 
to (" 192 ) fc 

x 2 - 2p (mod p 2 ) if p = 1 (mod 3) L 4p = x 2 + 27y 2 (x, y G Z), 

(mod p 2 ) i/p = 2 (mod 3). 

Remark. It is well known that for any prime p = 1 (mod 3) there are unique 
x, y G Z + such that 4p = x 2 + 27y 2 (see, e.g., [C]). Also, Ramanujan [R] 
found that 

VV^nf 9 V (l/2) fc (l/3) fc (2/3) fc " 5fc + l (2k\ 2 (3k\ 4^3 
to V 16 J (1)1 "^(-192)*UJ UJ" - ' 
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Conjecture A9 ([S-12]). Let p > 3 be a prime. Then 

p-l (6k\ ( 3k \ 
v3fc/ \k,k,k) 

(^)(x 2 -2p) (modp 2 ) i f(^) = lk4p = x 2 + 19y 2 (x,yeZ), 
0(modp 2 ) i/ (£) = -!. 



v4/so, 

^ 342/c + 25 /6fc\ / 3A; \ oc /-6\ 



fc=0 

Furthermore, for any n = 2, 3, . . . we /iai> e 



unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 

Remark. It is well known that Q(\/— 19) has class number one and hence 
for any odd prime p with (^) = 1 there are unique positive integers x 
and y such that Ap = x 2 + 19y 2 . The conjectured congruences modulo p 
have been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V. 
Chunovsky [CC] obtained that 

g 342A; + 25 {6k\ ( 3k \ 32^/6 



k=0 



(-96) 3fc \3kJ \k,k,kj tv 



See also [BB] and [G5] for more Ramanujan-type series involving 1/n. 
Conjecture A10 ([S-12]). If p > 5 is a prime, then 

p-l (6k\ I 3k \ 
V— > V3fc/ \k,k,k) 

fcS (-960)3^ 

(JL) (;r 2_ 2p) (modp2) ,/(JL) = i &4 p = x 2 +43 2 / 2 (x,yeZ), 
0(modp 2 ) i/ (£) = -l. 

.A/so, for any n = 2, 3, . . . we have 

a n := — ^ V (5418/c + 263)(-960 3 )"" 1 - fc f^) f 3 M e Z 

2n(2n + l){ 2 :)^; ,K ) \3kJ\k,k,kJ 

unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 
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Remark. It is well known that Q(v / — 43) has class number one and hence 
for any odd prime p with (^) = 1 there are unique positive integers x 
and y such that 4p = x 2 + 43y 2 . The conjectured congruence modulo p 
has been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V. 
Chunovsky [CC] showed that 

y> 5418/c + 263 /6fc\ / 3k \ _ 640^ 
^ (-960) 3fc \3k )\k,k,k) ~ 3tt ' 

and Zudilin [Zu] suggested that for any prime p > 5 we should have 

^ 5418/c + 263 f6k\ ( 3k \ /-15\ , , « N 

g -msp- U) U *, *) s 263p (-) (mod p >' 

Conjecture All ([S-12]). Let p > 5 be a prime with p ^ 11. T7ien 

p-1 /6fc\ / 3fc \ 
Igfc J VA.A.aJ 



,. (-5280) 



3 A; 



(^)(x 2 -2p) (modp 2 ) z/(^) = l&4p = x 2 + 67y 2 (s,yeZ), 
0(modp 2 ) j/(^) = _i. 



p-i 



261702A; + 10177 /6fc\ ( 3k \ m /-330\ , , », 



A;=0 

Furthermore, for any n = 2, 3, . . . we /mi>e 

n-l 



Or,. := 



= 2n(2nll)ffl X>l™2* + 10m)(-5 2 80T--g) (^) e Z 



unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 



Remark. It is well known that Q(V — 67) has class number one and hence 
for any odd prime p with (^) = 1 there are unique positive integers x and 
y such that Ap = x 2 + 67y 2 . The conjectured congruences modulo p have 
been confirmed by Z. H. Sun [Su3]. It is known that (cf. [CC] and [G5]) 

y, (261702A; + 10177)(-l) fc (l/2) fc (l/6) fc (5/6) fc 
2-^< 440 3fc 

A;=0 



_ ^ 261702A; + 10177 /6fc\ / 3k \ _ 3 x 440 2 
~ (-5280) 3fc \3k) \k,k,k) ~~ 



TlV3ltt 
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Conjecture A12 ([S-12]). Let p > 5 be a prime with p ^ 23, 29. Then 

p-l (6k\ I 3k \ 
\3k) \k,k,k) 

fc=0 



(-640320) 3fc 



(^)(^ 2 -2p) (modp 2 ) 2/(^ = 1 &4p = x 2 + 163 2/ 2 (x,yeZ), 
0(modp 2 ) (_|_) = _1. 

^ 545140134/c + 13591409 f6k\ ( 3k \ 10rnij(nn /-10005\ , . 3 , 
g RS^Sp U) (*,*,*) s 13591409p(^^j (mod/). 

Furthermore, for n = 2, 3, . . . , if we denote by a n the number 
2n(2nll)ffl E(^""134, + 13591409)(-6403203)— g) ( fc » fc 

t/ien a n G Z unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 

Remark. It is well known that the only imaginary quadratic fields with 
class number one are those Q(y/^d) with = 1,2, 3, 7, 11, 19, 43, 67, 163. 
For any odd prime p with (^fg) = 1, there are unique positive integers x 
and y such that 4p = x 2 + 163y 2 . The conjectured congruences modulo 
p have been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V. 
Chudnovsky [CC] got the formula 



^ 545140134/c + 13591409 /6fc\ / 3k \ _ 3 x 53360 2 
^ (-640320) 3fc \3k) \k, k, k) ~ 2 7 r v / 100u5' 



which enabled them to hold the record for the calculation of n during 
1989-1994. 

Conjecture A13 ([Slle]). (i) If p > 3 is a prime, then 

P-l (2k\ 2 (3k\ 

sr \k) \k) 

{Ax 2 — 2p (mod p 2 ) if p = 1,4 (mod 15) & p = x 2 + 15y 2 (x, y G Z), 

20x 2 - 2p (mod p 2 ) if p = 2, 8 (mod 15) & p = 5x 2 + 3y 2 (x, y G Z), 
0(modp 2 ) = 

For n G Z+ set 



1 p»^ff)"ff)(-> 



2n(2n+l)( 2 ;)^ 



n — 1 — k 
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Then a n G Z unless 2n + 1 is o power of 3 in which case 3a n G Z \ 3Z. 
(ii) For any prime p > 3 and a G Z + , we aave 

1 15fc + 4 /2fc\ 2 /3fc\ „ /p a \ //"^ 4 2n o N 



fc=0 

and 
P a -i 



W^e a/so /iai>e 



(5fc- l)(-144) fc _ _45^ 

fc! * 3 ( 2 fc fc ) 2 (S) ~ T ' 



where 



K := L (2, ^ = £ ^ = 0.781302412896486296867187429624. . . . 

Remark, (a) Let p > 5 be a prime. By the theory of binary quadratic 
forms (cf. [C]), if p = 1, 4 (mod 15) then p = x 2 + 15y 2 for some x, y G Z; 
if p = 2, 8 (mod 15) then p = 5x 2 + 3y 2 for some x, y G Z. 

(b) Concerning the first congruence in Conj. Al3(ii), K. Hessami 
Pilehrood and T. Hessami Pilehrood [HP2] proved it modulo p for a = 1. 

Conjecture A14 ([Slle]). (i) For n G Z+ set 



and 



--=^£ ( " +1 >(?) ft)**-"' 



M2n+l)( 2 :)^ 

Given an integer n > 1, we have a n ,b n G Z unless 2n + 1 is a power of 3 
in which case 3a n , 36 n G Z \ 3Z. 
(ii) Let p > 3 6e a prime. Then 

g3fc 

fc=0 

4x 2 — 2p (mod p 2 ) if p = 1,7 (mod 24) & p = x 2 + 6y 2 (x, y G Z), 

= <( 8x 2 - 2p (mod p 2 ) i/p = 5, 11 (mod 24) & p = 2x 2 + 3y 2 (x, y G Z), 

(mod p 2 ) i/ (^) = -1 i.e., p = 13, 17, 19, 23 (mod 24); 
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and 



p-l I 4fc \ 

E\k,k,k,k) 
4g2fc 



fc=0 



4x 2 - 2p (mod p 2 ) ifp = 1, 7 (mod 24) & p = x 2 + 6y 2 (x, y G Z), 
2p - 8x 2 (mod p 2 ) t/p = 5, 11 (mod 24) & p = 2x 2 + 3y 2 (x, y G Z), 
(mod p 2 ) i/ (^) = -1 i.e., p = 13, 17, 19, 23 (mod 24). 

Also, for any a G Z + we /lave 



fc=0 

and 



1 8fc + 1 / 4/c \ . , o, 



p a /2<fc<p a 

Remark, (a) Let p > 3 be a prime. By the theory of binary quadratic 
forms (see, e.g., [C]), if p = 1,7 (mod 24) then p = x 2 + 6y 2 for some 
1,1/GZ; if p = 5, 11 (mod 24) then p = 2x 2 + 3y 2 for some x, y G Z. 
(b) Ramanujan [R] found that 

^ (l/2) fc (l/3) fc (2/3)fc ^ 6k + i / 2 fc\ 2 /3fc\ 3^ 

^ (6fc+1) — 2^Tj| — =2.-63*-^; UJ = ~ 

fc=0 V > k k=Q \ / \ / 



and 



f>, , n (V2) fe (l/4) fe (3/4) fe _^8fe + l/ 4fc \ = 2^3 



fc=0 v ,K k=0 

Conjecture A15 ([Slle]). (i) For n G Z+ set 



1 ^ / 4fr 

1 V^oni. , o\ 4K W olO\n-l-fc 



(20A; + 3) , 7 7 7 (-2 1U ) 



n ' 2n(2n + l)( 2 ™) ^ \k,k,k,k 
Then (-l) n - 1 a n G Z+ /or aM n = 2, 3, 4, 
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(ii) Let p be an odd prime. Then 

p-l I 4fc \ 

E\k,k,k,k) 
(-2 10 ) k 
fc=0 v ' 

{Ax 2 — 2p (mod p 2 ) if p = 1,9 (mod 20) & p = cc 2 + 5y 2 (x, y G Z), 
2(p - x 2 ) (mod p 2 ) if p = 3, 7 (mod 20) & 2p = x 2 + 5y 2 (x, ?y G Z), 
(mod p 2 ) if (=£) = -1, i.e., p = 11, 13, 17, 19 (mod 20). 

Remark. Let p 7^ 2, 5 be a prime. By the theory of binary quadratic forms 
(see, e.g., [C]), if p = 1, 9 (mod 20) then p = x 2 + 5y 2 for some x, y G Z; if 
p = 3, 7 (mod 20) then 2p = x 2 + by 2 for some 1,1/ 6 Z. See also [S-2] for 
a p-adic congruence mod p 4 which is an analogue of the Ramanujan series 

g 20/c + 3 / 4Jfe 



(-2 10 ) k \k,k,k,kJ TV 



Conjecture A16 ([Slle]). (i) For n G Z+ set 

1 — n \ ' ' ' / 



2n(2n + l)( 2 :)^ 

Given an integer n > 1, we have a n G Z unless 2n + 1 is a power of 3 in 
which case 3a n G Z \ 3Z. 

(ii) Let p > 3 6e a prime. Then 



P a -i 



1 Wl0fc+1/ 4A; \ /-2\ /-2\p 2 p /1\ . , 3 . 



p a ^ 12 4fc \k,k,k,kj \p a J VP"" 1 / 48 V 4 
/or a// a = 1, 2, 3, ... . M^e a/so have 

p-l I 4fc \ 

E\k,k,k,k) 
12 4fc 

fc=0 

Ax 2 - 2p (mod p 2 ) i/p = 1,9, 11, 19 (mod 40) & p = x 2 + 10y 2 (x,y G Z), 
2p-8x 2 (mod p 2 ) ifp = 7, 13,23,37 (mod 40) & p = 2x 2 + 5y 2 (x,yeZ), 
(mod p 2 ) i/ (^) = -1, i.e., p = 3, 17, 21, 27, 29, 31, 33, 39 (mod 40). 

Remark, (a) Let p > 5 be a prime. By the theory of binary quadratic 
forms (see, e.g., [C]), if (^) = (f ) = 1 then p = x 2 + 10y 2 for some 

x, y G Z; if ( — ) = (|) = -1 then p = 2a; 2 + 5y 2 for some x, y G Z. 
(b) Ramanujan [R] obtained that 

(l/2) fc (l/4) fc (3/4) fc ^10fc + l/ Ak \ 9v/2 



47T 
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Conjecture A17 ([S-12]). Let p > 3 be a prime. Then 

p-l I 4fc \ 
V k . k . k . k) 



(_ 2 10 3 4)fc 



E 

k=0 

4x 2 - 2p (mod p 2 ) if ( f) = (^) = 1 k p = x 2 + 13y 2 , 

2p - 2x 2 (mod p 2 ) if (f) = (=±) = -1 k 2p = x 2 + 13z/ 2 , 

0(modp 2 ) if^) = -(f). 



We also have 
p-i 



^ 260/c + 23/ 4k \_ /-IV 5 3 4 
£ F82944F U, *, k, k) = 23P {V) + 3 P Ep ~ 3 (m ° d P ] - 



k=0 

Furthermore, for n = 2, 3, 4, . . . we /iai>e 



I n— 1 ✓ \ 

„ .- - ^-V(260A; + 23)( , , , ) (— 82944) n_1_fc G Z 

2n(2n + l)( 2 ;) £- n l V*, *, V 



fc=0 



unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 

Remark. Ramanujan (cf. [Be, p. 353]) found that 
y> (260fc + 23)(l/2) fc (l/4) fc (3/4)fc _ ^ 260/c + 23 / 4k \ _ 72 
£-< o A;! 3 18 2fc ~ k~o (~ 82944 ) fc \k,k,k,k) ~ ~' 

Conjecture A18 ([S-12]). Let p > 3 be a prime with p ^ 11. Then 

p-l I 4fc \ 
\k .k .k . k) 



5^ :i58 i 2A ' 

A;=0 



4x 2 - 2p (mod p 2 ) i/ (^1) = (§) = 1 & p = x 2 + 22y 2 , 
2p - 8x 2 (mod p 2 ) if (=^) = (§) = -1 k p = 2x 2 + lly 2 , 
0(modp 2 ) tf(^i) = _(£). 



p-i 



^ 280*; + 19/ 4A; \ 1ft /p\ . , 3 . 
E^584^U,,,,,j- 19 Hll) (m ° d ^ 

Furthermore, for n = 2, 3, 4, . . . we /iai> e 

- == m^tik?) tr k + 19) (*. *) i6842( "" 1_t) e z 

unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 
Remark. Ramanujan (cf. [Be, p. 354]) found that 

y> (280A; + 19)(l/2) fc (l/4) fc (3/4)fc _ y> 280A; + 19 / 4k \ _ 2 x 99 2 
£;! 3 99 2fc 1584 2fc \k,k,k,k) ~ nVTl ' 

fc=0 k=0 
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Conjecture A19 ([S-12]). Let p > 3 be a prime with p ^ 7. Then 

p-l I 4k \ 

EVfc,fc,fc,fc/ 



(-2 10 21 4 ) fc 

f Ax 2 - 2p (mod p 2 ) if (f ) = (f) = 1 k p = x 2 + 37y 2 , 

= i 2p-2x 2 (modp 2 ) l f(f) = (f) = -l&2p = x 2 +37y 2 , 

{ 0(modp 2 ) i/(^Z) = _i. 

Furthermore, for n = 2, 3, 4, . . . we /ioue 



' ^(21460*; + 1123) ( J (— 2 10 21 4 ) n_1_fc G Z 



a„. := 



2n(2n + l)(-)^; 

unless 2n + 1 is a power of 3 m which case 3a n G Z \ 3Z. 
Remark. Ramanujan (cf. [Be, p. 353]) found that 

y> (21460A; + 1123)(-l) fc (l/2) fc (l/4) fc (3/4) fc 

£;=0 

_ ^ 21460& + 1123 / 4k \ _ 2 3 21 2 
(-2 10 21 4 ) fc \k,k,k,k) ~ TV ' 

Conjecture A20 ([S-12]). For n G Z+ set 

n-l \ 2 



3\n-l-fc 



Given an integer n > 1, we have (— l) n_1 a n G Z + unless 2n + l is a power 
of 3 in which case 3a n G Z \ 3Z. 
(ii) Let p > 3 be a prime. Then 

/or every a G Z + . VFe a/so /iare 

P-l (2k\ 2 (3k\ 

UJ UJ 

x 2 - 2p (mod p 2 ) t/ (f ) = ($) = 1 & 4p = x 2 + 51y 2 (x, y G Z), 
= <J 2p - 3x 2 (mod p 2 ) i/ (f) = (£) = -1 & Ap = 3x 2 + 17y 2 (x, y G Z), 



0(modp 2 ) #(§) = _(£) 
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Remark, (a) Let p > 3 be a prime. By the theory of binary quadratic 
forms (see, e.g., [C]), if (§) = (^) = 1 then Ap = x 2 + 51y 2 for some 
X, y G Z; if (§) = (£) = -1 then 4p = 3x 2 + 17y 2 for some x, y G Z. (b) 
Ramanujan [R] obtained that 

VVei,,. , ^ (V2) fc (l/3) fc (2/3) fc 51fc + 7 /2fc\ 2 /3A;\ _ 12^ 

1,(51/, + 7) ( _ 16)fc(1) 3 -^(Zi^UJ U>/"~- 

Conjecture A21 ([S-12]). Let p > 3 be a prime with p ^ 11. T/ien 

p-l / 4fe \ 

EVfc,fc,A:,fc/ 
396 4fc 

4x 2 - 2p (mod p 2 ) »/ (f ) = = 1 & p = x 2 + 58y 2 , 

= <) 2p - 8x 2 (mod p 2 ) if {f) = (=2) = -1 k p = 2x 2 + 29y 2 , 

0(modp 2 ) i/(^l) = _i. 



Furthermore, for n = 2, 3, 4, . . . we /iai>e 



M2n+l)mfcS X 
unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 
Remark. Ramanujan (cf. [Be, p. 354]) found that 

(26390A; + 1103)(l/2) fc (l/4) fc (3/4) fc 

fc=0 

_ ^ 26390/c + 1103 / Ak \ 99 2 

Conjecture A22 ([S-12]). Let p > 3 be a prime. Then 

P y gfg) 

(_ 48 )3fc 



2 - 2p (mod p 2 ) t/ (f ) = (£) = 1 & 4p = x 2 + 123y 2 



= < 2p - 3x 2 (mod p 2 ) i/ (£) = (£) = -1 & 4p = 3x 2 + 41y 2 , 



0(modp 2 ) i/(J>) = _i. 



3/ V41. 
123- 



1 C^ 1 615/c + 53 (2k\ 2 f3k\ ( p a \ ( p a ~ x \ 5 2 „ /1\ , , 
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for any positive integer a. Furthermore, for n = 2, 3, 4, . . . we have 

- - S (6W + 63) (?) 2 (?) ( - 48)3( "" 1 " e z 

unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 
Remark. It is known (cf. [G5]) that 

y> (615fc + 53)(-l) fc (l/2) fc (l/3) fc (2/3) fc 

fc=0 

_ 615fc + 53 /2fc\ 2 /3fc\ _ 96^3 
-Z. ( _ 48 )3fc [kj \k)-~- 

Conjecture A23 ([S-12]). Let p > 5 be a prime. Then 

P-1 (2k\ 2 (3k\ 

E \k) \k) 
; (-300) 3fc 

x 2 - 2p (mod p 2 ) i/ (§) = (^) = 1 & 4p = x 2 + 267y 2 , 
2p - 3x 2 (mod p 2 ) if (§) = (^) = -1 & 4p = 3x 2 + 89y 2 , 
0(modp 2 ) tf(3&) = -l. 



.A /so, 



1 14151& + 827 (2k\ 2 (?>k 



pa to (- 300 ) 3fc V k J \ k 

, 827 (£) + _E p , Bp _ 2 (i) (mod p3) 

/or any positive integer a. Furthermore, for n = 2, 3, 4, . . . we /iaue 
- == J*) "f(14 15 U + 8 27)( 2 *) 2 Q(-300)3<»— » e Z 

V n / fc=0 \ / \ / 

unless n — 1 is a power of 2 in which case 2a n is an odd integer. 
Remark. It is known (cf. [G5]) that 

y> (14151fc + 827)(-l) fc (l/2) fc (l/3) fc (2/3) fc 
2^ A;! 3 500 2fc 

k=0 

_ ^ 14151/c + 827 /2/c\ 2 /4fc\ _ 1500^ 

-z, (_3oo)3^ U; U; 

and W. Zudilin [Zu] suggested that for any prime p > 5 we have 

^ 14151/c + 827 (2k\ 2 fSk\ „ fP\ , , 
g (-300)3* (J ( fc )- 827 KI) < m ° d ^ 
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Conjecture A24 ([Slle]). (i) For n G Z+ set 

Then we have (— l) n_1 a n G Z+ /or aZZ n = 2, 3, 4, 

(ii) Let p > 3 be a prime. Then 

/or every a = 1, 2, 3, ... . M^e a/so /iare 

p-l / 4fc \ 

E\k,k,k,k) 
73? 



(-3 x 2 12 ) fc 

fc=0 v ' 

(_1) b/6j ( 4x 2 _ 2p ) ( mod p 2) «/ 12 | p - 1 & p = x 2 + y 2 (4 | x - 1 & 2 | y), 

-4(^)xj/ (mod p 2 ) t/ 12 | p - 5 & p = x 2 + y 2 (4 | x - 1 & 2 | y), 

(mod p 2 ) if p = 3 (mod 4). 

Remark. Ramanujan [R] obtained that 

VV9M i oN (V2) fc (l/4) fc (3/4) fc _ ^ 28fc + 3 / 4fc \ _ 16y^ 
} ("48) fc (l)| ' ^(-3x2«)*U*,fc,V Stt ' 
Conjecture A25 ([Slle]). Let p > 5 be a prime. Then 

p-l I 4k \ 

E\k,k,k,k) 

/=o (=2^W 

( e(x)(4x 2 -2p) t/4|p-l, (f) = 1, p = x 2 + y 2 & 2 fx, 
= < 4;ry (mod p 2 ) if A\p- 1, (|) = -1, p = x 2 + y 2 & 5 | x + y, 
[o(modp 2 ) i/p = 3(mod4), 
where e(x) takes —1 or 1 according as 5 \ x or not. We also have 

^ 644*; + 41 / 4k \ A1 f -5\ . J 3x 
E(Z 2 T W ^,,,,,J-41^-j (mod,). 

Furthermore, for n = 2, 3, 4, . . . we /iaue 

- = ^di)m g (6 ^ +4 <M 4 U) ( - 2l4345r " 1 " t e z 

unless 2n + 1 is a power of 3 in which case 3a n G Z \ 3Z. 
Remark. Ramanujan (cf. [Be, p. 353]) found that 

YVfiUfr i .^ (VgMVfM/^* - V 644fc + 41 / 4* \ _288_ 
^ } fc! 3 (-5) fc 72^ ^ (-2 14 3 4 5) fc \k, k, k, k) ^ 
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Conjecture A26 ([Slle]). (i) For n G Z+ set 



! ^4 _ /6/fc\ / 3A; 



Given an integer n > 1, we have (— l) n_1 a n G Z + unless 2n + l is a power 
of 5 in which case 5a n G Z \ 5Z. 
(ii) Let p 6e an odd prime. Then 

1 C^ 1 154/c + 15 /6£A / 3Jfe 



/or any positive integer a. We also have 

p-l (6k\ ( 3k \ 

E \3k) \k,k,k) 

fc=0 v ' 

(f ){x 2 -2p) (mod p 2 ) if(^) = lk4p = x 2 + lly 2 (x,yeZ), 
(mod p 2 ) */(&) = -1, i-e., P = 2, 6, 7, 8, 10 (mod 11). 



Remark. The last congruence mod p has been confirmed by Z. H. Sun 
[Su3]. Ramanujan [R] obtained that 



VVost. i ^ (~ 27 ) fc (l/2)fc(l/6) fc (5/6) fc _ ^ i 54 £; + 15 f6fc^ / 3k \ _ 32^2 

Conjecture A27 (i) ([Sllb, S-3]). Ifp > 5 is a prime withp = 1 (mod 4), 
i/ien 

]T = (mod p 2a ) for all a = 1,2,3,.... 

k=0 

Moreover, if p is an odd prime, m G Z + and p = m — 1 (mod 2m), t/ien 
p-i 



$>1)W ^ =0 (modp 2 ) 
fc=o ^ ' 



/or aZZ n = 3, 5, . 



,2(m - 5 p , 3m _i) - 1. 
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(ii) ([Sllj]) Let p > 2 be a prime and let n ^ 2 be an integer. Assume 
thatx is ap-adic integer withx = —2k (mod p) for some k G {1, . . . , [{p+ 
l)/(2n + l)J}. Then we have 

P-l / \ 2n+l 

J -0 (mod p 2 ). 

r=0 ^ ' 

Remark. Let p be an odd prime. It is known that 

P— 1 /2fc\ 3 oo oo 

£^_ = a(p) (modp 2 ), where £ a(n)q n = q J] (1 " Q^f- 

k=0 n=l n=l 

This was proved by many authors, see, e.g., L. van Hammer [vH] and E. 
Mortenson [M2]. In 1892 F. Klein and R. Fricke proved that if p = x 2 + y 2 
with x odd and y even then a{p) = 4x 2 — 2p (see, e.g., Ishikawa [I]). The 

author [Sllb] determined Ylk=o ^ Ck) /64 fc modulo p. Recently Z. H. Sun 
[Su2] confirmed the first congruence in Conj. A27(i) in the case a = 1, 
and the author [S-3] proved the second congruence for n = 3. Concerning 
part (ii) the author [Sllj] proved that if p > 3 and a; is a p-adic integer 
with x = — 2k (mod p) for some k G {1, . . . , [(p — 1)/3J} then 




= (mod p 2 ). 



Conjecture A28 ([Slle]). Let p be an odd prime. If {-^) = 1 {i.e., 
p = 1,3 (mod 8)) and p = x 2 + 2y 2 with x, y G Z, then 

(v) E A|k - E ^ 412 " 2p (mod p2) - 

v F J k=0 V ' k=0 

If (=2) = -1 {i.e., p = 5,7 (mod 8)), then 

E(ztiv^ < modp2 >' 

fc=0 v ; 

and 

p-l ^ 4fc ^ 

5^ 28 4 ^ ^ ° ^ m ° d P ^ Voided p^7. 

fc=0 

F g U *, *, *) s 3 (t) " (V) S2 B '- 2 (s ) (mod p ) 
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for all a G Z + provided that p 7^ 3, 7. Moreover, 

a »-Mi^l> tt + 3 >(«.L) 284< "- 1 



are integers for all n = 2,3, 4, ... . 

Remark, (a) E. Mortenson [M4] proved the following conjecture of van 
Hamme [vH]: 

(p-i)/2 /-l/2\ 3 

(4/c + l)l I = (— 1 ^/ 2 p (mod p 3 ) for any odd prime p. 

k=o \ k J 



(Note that ( _1 / 2 ) 3 = ( 2 fc fc ) 3 /(-64) fc for k = 0,1,2,....) See [S-2] for a 
further refinement. Recently Z. H. Sun [Su3] confirmed the conjecture 

that YXLl Ck ) 3 /(-64) fc = (mod p 2 ) for any prime p = 5, 7 (mod 8). In 
[Sllg] the author proved that 



2n ( 2 n n ) E( 4/c + 1 )^) (-e^ 71 " 1 -" 



for all n = 2, 3, . . . . 

(b) It is known (cf. [G5] and [G2]) that 

where G := X]fcLo( — (2A; + l) 2 is the Catalan constant. Ramanujan 
(cf. [Be, p. 354]) found that 

VVanfc 1 oN (V2) fc (l/4) fc (3/4) fc f, 40fc + 3 / 4* \ 49 



Conjecture A29 ([Slle]). Le£ p be an odd prime. If p = 1 (mod 3), 
^9£; + 2/2£;\ 2 /3£;\ n . , 2 . 

Tjfp = 1,3 (mod 8), then 

^16fc + 3/ 4k \ n . , 2 . 
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If p = 1 (mod 4), then 

^ 36/c + 5 /6fc\ / 3k \ n , . 2 . 



Remark. A related conjecture of Rodriguez-Villegas [RV] confirmed by 
Mortenson [M2] and the author [Slli] together states that for any prime 
p > 3 we have 



P-1 /2fc\ 2 /3fc 



V- U; U; = f 4x 2 - 2p (mod p 2 ) if (f ) = 1 k p = x 2 + 3y 2 (x, y G Z), 
108 fc ~lo(modp 2 ) ifp = 2(mod3), 

L,t k k,k) = f 4x 2 - 2p (mod p 2 ) if (f ) = 1 & p = x 2 + 2y 2 (x, y G Z), 
^ o 256* = { (mod p 2 ) if (f ) = -1, i.e., p = 5, 7 (mod 8), 

and 

E (gJ (fc,fc,J _ (6fc)! 17 go-fc 

i2 3fc (3fc)!(fc!) 3 

Ai — k — 

(|)(4a; 2 - 2p) (mod p 2 ) if 4 | p - 1 & p = x 2 + y 2 (2 f x, 2 | y), 
(mod p 2 ) if p = 3 (mod 4). 

Z. H. Sun [Su3] confirmed the congruences in Conj. A29 modulo p. 
Conjecture A30 ([Slle, S-7]). Let p > 5 be a prime. If p > 7 then 

P-i (2k\ 9 i 
fc=i r fe=i 

M^e afeo /lave 

El Hp—1 T ^ \ 1 T . On 

-^y--^^E^ = "I?**- 5 (mod p } ' 

fc=l V fc / fc=l 

E ^4 = -25p-3 (modp), 
fc=l K \k) 

(P ^ /2 (-l)*/2fc\ 56 , , 2 . 

E ^Uj"T5^- 3(m ° dp) ' 

fe=i 



/2fc\ 2 

E 

p/2<fc<p 
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Remark. It is known that H p _i/p 2 = — S p _ 3 /3 (mod p) for any prime 
p > 3 and Ylk=i l/^ 3 = — fp 2 -^p-5 (mod p 3 ) for each prime p > 5, and 
that 

ylzi^ = _2 c(3) and y^_ = iZ c( 4). 

2^3(2*) ^fif) 36^ 

The first and the second congruences in Conj. A30 modulo p have been 
confirmed by K. Hessami Pilehrood and T. Hessami Pilehrood [HP3]. Also, 

[Tl, Theorem 4.2] implies that EUl^ffl = ~^pB p -3 (mod p 2 ) 
for any prime p > 5. Tauraso [T2] proved that J2k=\ Ck) /(kl6 k ) = 
— 2if( p _i)/2 (mod p 3 ) for each prime p > 3. The author could prove that 
the third and the fourth congruences in Conj. A30 are equivalent. By 
[Slle], 

(p-l)/2 (2 k\ s 

£ Y = 1^-3 MP 2 ) 



and 



fc=i 
(p-i)/2 



1 , ,w„_iwo4 



E -f^-(-l) ( - 1)/2 ^ P -3(modp) 

fc=i K UJ 

for any prime p > 3. Mathematica (version 7) yields 



fc=i 



f (?) ,. „ 8G 



where G = X]fclo( — 1) /(2A; + l) 2 is the Catalan constant. 
Conjecture A31 ([Sllb, S-7]). Let p be an odd prime. Then 

fc=l 

When p > 3, we /iaue 

Ew-- 2 E i(mod P 3). 



/c3 fc ~~ ~ ^ k 

k=l fe=l 

fc^p (mod 3) 



If p > 5, then 



P-1 /2fc\ ZT2 _ jj 

i (mod p 3 ). 

7 1 r 



fc=l 
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Remark. The congruences were motivated by the following known identi- 
ties (cf. [Ma] or using Mathematica): 

■fi 2 k _ 7T 2 ^ 3 k _ 2 2 ^ (f) _ 7r 2 -31og 2 4 

Conjecture A32 ([Sllb], [S-8]). Let p > 5 be a prime and let H p _i = 
YXX l/k. Then 

(p-3)/2 (2 k\ , tt q 4 \ 

y UJ H) H)/2 £H in (mod/), 

^ (2fc + l)16 fc V ; V 12 160 P J 

(P"3)/2 /2fcX //7 2 
UJ -,\(p-l)/2 / , P 

fc=0 v 

We also have 

(p-3)/2 ( 2k\ 



^ = p_1 (mod » 3 ) 



(2fc + l) 2 (-16) fc 5p 

/2fc\ 

(2A; + l) 2 (-16) fc 4" 



fc=0 

f2fc 



E ™-T7WZTnW - -I B ^ < mod P 2 )' 



p/2<fc<p 

£ (2TTW"(yJ IV (mod ^ 

^eretff := £ <i<* V(2j - l) 2 - 

Remark. On March 6, 2010 the author [Sllb] proved the first congruence 
in Conj. A32 mod p 2 . It is known (cf. [Ma]) that 

(2k\ oo /2fc\ 2 



S roirAvTfife " a and S 



7T 



/o (2fc + l)16 fc 3 ^( 2 fc + l)2(_i6)fc 10 

which can be easily proved by using l/(2fc + l) = £x 2k dx. In March 

2010 the author suggested that £~ fif)/(( 2/c + l) 3 l 6fc ) = 7tt 3 /216 via a 
public message to Number Theory List, and then Olivier Gerard pointed 
out there is a computer proof via certain math, softwares like Mathematica 
(Version 7). It is also known that (see [S-8], and use Mathematica 7) 



E 



'(2* + 1)16* 648' 



26 



ZHI-WEI SUN 



Using Morley's congruence and the identity 

fn\ (n + k\ (-l) fc 1 
j^W\ k /2/c + l 2n + l' 

the author got the following congruence (for primes p > 3) 

(P"3)/2 / 2 ^ 2 

E (2 ]fc + l)16* " ~ 2Qp{2) ~ Pqp{2)2 {m ° dp2) - 

Conjecture A33 ([Slle]). Let p be an odd prime and let a E Z + . 
p = 1 (mod 4) or a > 1, then 

E %F = (-l) (pa " 1)/2 (modp 3 ). 

fc=0 

If p> 3, and p = 1,3 (mod 8) or a > 1, then 

= (-l)^" 1 )/ 2 (mod p 3 ) /or r = 5, 7. 

fc=0 



tfemar*;. The author [Slle] showed that £fc=o J ( 2 fc) 2 /16 fc = (-l)^" 1 )/ 2 
p 2 E p s (mod p 3 ) for any odd prime p. 

Conjecture A34. (i) ([Slle]) For each n = 2, 3, . . . we /mi>e 



_^|V + 1) (-)W-- 6 z, 

_j_| (6fc+1) p)V 512r -.-, eZ , 

1 n_1 3 

^X>* + 5)(j 4096»-'-' EZ. 



(ii) ([Slle]) Let p > 3 be a prime. We have 
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for all a G Z + . Also, 

P ^6k + lf2k\ 3 f-l\ » . , 4 . 

Ew(»J ^(-J-^-sfmodA 

(iii) ([S-2]) For any prime p > 3 we have 

^7k + lf 4k \ f-l\ 5 . , , 4 . 

g w (*,*,*,*) s p (it) - 3 P (mod p *>• 

Also, for n = 2, 3, . . . we have 

unless 2n + 1 is a power of 3 m which case the denominator of the quotient 
is 3. 

Remark. Those congruences in part (ii) mod p 3 are van Hamme's conjec- 
tures (cf. [vH]) which are p-adic analogues of corresponding Ramanujan 
series. For the congruence in (iii) the corresponding Ramanujan series is 

y-v 7k + 1 / 4k \ _9_ 

^ 648 fe \k,k,k,k) ~ 2tt' 
fc=0 v ' ' ' 7 

Conjecture A35 ([Sllb, Slle]). Letp be an oddprime. Ifp = 1 (mod 4), 

p-1 /2fc\3 , . 

y AA^. ( i _ = o (mod p 3 ). 

If p = 3 (mod 4), i/ien 

P-1 /2fc^ 2 / 1 \ 

1 + 7Z^ -0(modp 3 ) 
fc=o v \ J / 

and 

k=o v / v v 



2<S 
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Remark. When p > 3 is a prime congruent to 3 mod 4, the author [SI lb] 
proved that 



Conjecture A36 ([Slle]). Let p be an odd prime. 
(i) We have 

P-1 (2k\ 3 / n \ P-1 /2A;\ 3 



P-1 /2fc\ 3 /_ 1 \ p-1 f2fc\ 3 



fc=0 \ ^ / fc=0 

Moreover, if p = 1 (mod 4) i/ien 

P-1 f2fc\ 3 /o x P-1 f2fc\ 3 p-1 c 4fc \ 

V = ( - ) V Uj = V U ' fc ' fc ' fcj (mod p 3 V 

if p = 1 (mod 3) t/ien 

P-1 /2A;\ 3 / lX P-1 /2fc\ 3 P-1 / 4A: \ 

V i^L = f Zl ] V ^ = V U ' fc ' fc ' J (mod p 3 ) 
2^ 16 fc - I p J 2^ 256 fc " ^ (-144) fc 1 P h 

(ii) If p = 1,3 (mod 8), then 

P-1 f2fc\ 3 , 1 \ p-i ( 4fc \ 



if p= 1,2,4 (mod 7), t/ien 



— )Y(, ) ^Y^T^Y (modp 3 ). 
p ) ^\k ) 4096 fc ^ (-3969) fc v ; 

— /c — k — 



Remark. The author observed that 



4A; \ / x \ k 
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for any odd prime p and p-adic integer x ^ 0, — 1 (mod p); this can be 
easily deduced by taking n = (p — l)/2 in the known identity 

Z. H. Sun [Su2] proved that ( 2 fc fc ) 3 /256 fc = (mod p 2 ) for any 

prime p = 5 (mod 6), and ££~J ( 2 fc fc ) 3 /(-512) fc = (mod p 2 ) for any 
prime p = 3 (mod 4). See also Z. H. Sun [Sul] for his conjectures on 

Efc=o ( fc jf* k ) l mk mod with m = ~ 144 ' 648 ' - 3969 motivated by the 
author's papers [Sllb] and [Slle]. 

Conjecture A37 (Discovered on March 2, 2010). Letp be an odd prime. 
(i) If p = 1 (mod 4) £/ien 

(p-1)/2 f2fc^ 3 1 . (p-l)/2 /2fc^ 3 1 

E ui v - =- V - fc - V" _ 
(_g)fc ? - 2 ^ 64 fc ^ ?' 

fc=0 v ' k<j^2k J k=0 k<j^2k J 

(P"l)/2 /2^ 3 



3^J E (Z^ E -(-odp 2 ); 

vr/ fc=0 V ; k<j^2k J 



when p = 3 (mod 4) we /iaue 

5-l)/2 / 2fc x3 w 



(p-1)/2 /2fcN 3 (p-l)/2 /2fc\ 3 

\ k / \ k / 

(-8) k ^ 1 = ~ 2 ^ "64^ ^ ? 

fc=0 V y k<j^2k J k=0 k<j^2k J 

CP-l)/2 /2fcN 3 . /o n (p-l)/2 /2fc^ 3 . 

fc=0 k<j^2k J v ' r/ fc=0 v ; k<j^2k J 



and 



(p-l)/2 /2fcx 3 

V -^7- V - = (mod p) /or m = -8, -512 if p > 3. 

rn fc ^— ' i 



k=0 k<j^2k J 

(ii) If p = 1 (mod 3) £/ien 

(p-l)/2 /2fcN 3 1 1 , n (P"l)/2 /2h 3 1 

E^E H i S Mi, £ <-d P 2 ). 

fc=0 k<j^2k J \ -f / fc=0 k<j^2k J 

Ifp = 2 (mod 3) t/ien 

(p-l)/2 /2fcN 3 1 (p-1)/2 f2fc^ 3 1 

EirE UofmodpW E E J-0 (mO d/). 



fe=0 k<j^2k J k=0 k<j^2k 
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(iii) If p = 5,7 (mod 8), then 

(p-l)/2 /2fc\ 3 , 
fc=0 V 7 k<j^2k J 



(iv) If p > 3 and p = 3, 5, 6 (mod 7), i/ien 
( P -i)/2 /07X 3 



E (f) E 7-0 <^p 2 )- 



fc=0 x ' k<j^2k 

Remark. During their attempt to prove Conjecture Al, M. Jameson and 

K. Ono realized that Y^k=o Ck) ^k<j^2k Vi = (mod p) for any 
prime p > 3 but they did not have a proof of this observation. When 
p > 3 is a prime with p = 3 (mod 4), the author was able to show that 

(p-1)/2 (p-1)/2 (2k\ 3 

E i&r H ™ = E ^r^-o(-°^). 

fc=0 k=0 

Now we introduce polynomials 

4 

x fc (n = 0,1,2,...)- 



*.(*) == E (I) 



Conjecture A38 ([S-12]). Let p be an odd prime. 
(i) We have 

p-i 

E^( 12 ) 

k=0 

{(_l)[3|x]( 4a ,2 _ 2 pj (modp 2 ) ifp = 1 (mod 12) & p = x 2 + y 2 (4 | x - 1), 

(^-)4xy (mod p 2 ) if p = 5 (mod 12) Sz p = x 2 + y 2 (4 | x — 1), 

(mod p 2 ) if p = 3 (mod 4). 

£(4A; + 3)5 fc (12) = p (l + 2 f-X\ (mod p 2 ). 
fc=o ^ VP// 

Moreover, 



n— 1 

- J^(4Jfe + 3)5 fc (12) G Z /or aW ra = 1, 2, 3, . . . . 



A;=0 
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(ii) We have 
p-i 

E^(-20) 

fc=0 

( _l)[5|x] (4x 2_ 2p) (modp2) ^(^) = (|) = l&p = x 2 + y2(2t a ;), 

= (f)4xi/ (modp 2 ) i/C^r) = -(f) = 1, p = £ 2 + 2/ 2 (2 fx, 5 | xy - 1), 

(modp 2 ) if p = 3 (mod 4). 



p-i 



^(6fc + 5)S fc (-20)=p^-^ ^2 + 3 (y)) (modp 2 



fc=0 

Moreover, 

,i - i 

71 



^ n— 1 

- ^(6/c + 5)5'fc(— 20) G Z for all n= 1,2,3, 



k=0 



Conjecture A39 ([S-12]). Let p be an odd prime. 
(i) Vt^e have 

p-i 

fc=0 

f 4x 2 - 2p (mod p 2 ) if (§) = (f ) = (f ) = 1 & p = x 2 + 30y 2 , 

12x 2 - 2p (mod p 2 ) if (§) = 1, (|) = (f ) = -1 & p = 3x 2 + 10y 2 , 
8x 2 - 2p (mod p 2 ) (J) = 1, (§) = (§) = -l &p = 2x 2 + 15y 2 , 
2p - 20x 2 (mod p 2 ) (f ) = 1, (f ) = (§) = -1 & p = 5x 2 + 6y 2 , 

I (modp 2 ) z/(^) = -l. 

And 

J2(8k + 7)S k (36) = p (^) + 4 ) (mod p 2 ). 

VFe also have 

n-l 



n— 1 

- J^(8A; + 7)S fc (36) G Z /or aW ra = 1, 2, 3, . . . . 



A;=0 
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(ii) We have 
p-i 

$^(196) 

fc=0 



' Ax 2 - 2p (mod p 2 ) 


'/(§) = 


(f ) = (?) = !& 


9 

p = X 


+ 702/ 2 , 


8x 2 - 2p (mod p 2 ) 


tf(?) = 


1. (§) = (§) = - 


-1 & P 


= 2x 2 + 35y 2 


< 2p - 20x 2 (mod p 2 ) 


#(§) = 


1. (|) = (f) = - 


-1 & P 


= 5x 2 + Uy 2 


28x 2 - 2p (mod p 2 ) 


*/(§) = 


i, (!) = (?) = - 


-1 & P 


= 7x 2 + 10y 2 


(mod p 2 ) 




= -1. 







And 

p-i 



^(120/c + 109)S fc (196) =p(|) ^49 + 60 (— )) (modp 2 ). 



k=0 

We also have 

n-l 



- ^(120/c + 109)^(196) e Z for all n = 1, 2, 3, 



n 

fc=0 



(iii) VFe /i-aue 
p-i 

^Sfc(-324) 

fc=0 

f Ax 2 - 2p (mod p 2 ) if (f) = (f ) = (JL) = 1 & p = x 2 + 85z/ 2 , 

2x 2 - 2p (mod p 2 ) z/ (£) = 1, (f ) = (f ) = -1 & 2p = x 2 + 85^, 

= 4 2p - 20x 2 (mod p 2 ) (f) = 1, (f ) = (#) = -1 & p = 5x 2 + 17z/ 2 , 

2p - 10x 2 (mod p 2 ) i/ (f ) = 1, (=±) = (£) = -1 & 2p = 5x 2 + 17y 2 

{ (modp 2 ) i/(^5) = _i. 

Provided p > 3 we have 

J2( Mk + 31)5 fc (-324) = p (|) f 17 + 14 (—} } (mod p 2 ). 



k=0 

Moreover, 

a - 1 

n 



n— 1 

-^(34/c + 31)S fc (-324) GZ for all n = 1,2,3, .. . . 



k=0 
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(iv) We have 
p-i 

5^^(1296) 

fc=0 

Ax 2 - 2p (mod p 2 ) if (^) = (f ) = (^) = 1 k p = x 2 + 130y 2 , 

8x 2 - 2p (mod p 2 ) if (f ) = 1, (f ) = (&) = -1 & p = 2x 2 + 65y 2 , 

= { 2p - 20x 2 (mod p 2 ) if (§) = 1, ) = (&) = -1 & p = 5z 2 + 26y 2 , 
2p - 40a; 2 (mod p 2 ) (£) = 1, (f) = (|) = -1 & p = 10x 2 + 13y 2 , 

t (modp 2 ) i/(^0) = _i. 
Provided p > 3 we have 

^(130fc+121)S fc (1296)=p^^ ^56 + 65 ^^^ (modp 2 ). 
Moreover, 

^ n— 1 

- ^(130/c + 121)^(1296) G Z for all n = 1, 2, 3, ... . 

fc=0 

(v) We have 
p-i 

J> fc (5776) 

4x 2 - 2p (mod p 2 ) i/ (§) = (f ) = (&) = 1 & p = x 2 + 190y 2 , 

8x 2 - 2p (mod p 2 ) (f ) = 1, (f ) = (&) = -1 & p = 2x 2 + 95y 2 , 

= 4 2p - 20x 2 (mod p 2 ) (&) = 1, (f ) = (|) = -1 & p = 5x 2 + 38y 2 , 

2p - 40x 2 (mod p 2 ) i/(f) = l, (§) = (^) = -l&p = 10x 2 + 19y 2 , 

{ (modp 2 ) z/ (^0) = _i. 

And 
p-i 

J](816fc+769)S fc (5776)=p(|:) (361 + 408 (^)) (modp 2 ). 

fc=0 

Moreover, 

^ n — l 

- ^(816fc + 769)^(5776) G Z /or aft n = 1, 2, 3, ... . 

fc=0 

Remark. The reader may consult [S-12] for more conjectures of this type. 
I'd like to offer $300 (300 US dollars) for the first correct proof of part (i) 
of Conj. A39. 
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Conjecture A40 (Discovered on April 5, 2010). (i) For any odd prime 
p we have 

^28k 2 + 18*; + 3 {2k\ 4 fSk\ 2 7 5d . . 6 . 
g (-64)* UJ Uj-^-2^- 3 ( m0d ^ 



fc=0 

and 
(p-i)/2 



E (- 64)fe (J (J^3^ + 6(-j^_ 3 (mod/). 



(ii) For any integer n > 1, we have 



J2(28k 2 +18k+3) ^ 4 ^ (-64)- 1 " fc = (mod (2n+l)n° ' 



n 



y, (28^-18fc + 3)(-64)* = _ M 



Conjecture A41 (Discovered on April 5, 2010). Let p be an odd prime. 

(i) If p 7^ 3, then 

^ 10A; 2 + 6k + 1 (2k\ 5 2 7 5 „ . , 6 . 
g (-256)* (k) -^-3 Hod/) 

and 

£ (-256)* (tj = 3/^-3 (™d/). 

(ii) If p 5, then 

P ^ 74k 2 + 27k + 3 f2k\ 4 f3k\ „ 2 „ 5 „ . J 6n 
E 4096* (fcj (J =3^ + 7/^3 (mod/) 

— 

and 

(P v^ /2 74fc 2 + 27A; + 3 /2fc\ 4 /3/fc\ 2 9 , TT , , 
£ 4096* (J (J-3/- iP X_ l(m od/). 



fc=0 

Remark. By [G3, Identity 8] and [G4], we have 
x ' (10A; 2 -6A; + l)(-256) fc 
k=i 

and 

oo 

E 



y u«*--i* + n-:"»r = _ 28C(3) 

74fc 2 + 27A: + 3 f2k\ 4 /3fc\ 48 



4096 fc \kj\kj tv 2 ' 
k=o \ / \ / 
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Conjecture A42 (Discovered on April 6, 2010). (i) For any prime p ^ 
2,5 we have 

^ 21k 3 + 22k 2 + 8k + 1 f2k\ 7 a, , 8 , 

E ^ ( k ) -P 3 (mod/) 

fc=o v 7 

and 

iP ^l /2 168k 3 + 76k 2 + Uk + 1 {2k\ 7 / -1 



v^ 7 168A; 3 + 76k 2 + Uk + 1 [2k\ ' f -1\ 3 , , 8 , 

E 2» UJ "wr ( p) " 

(ii) For any integer n > 1, we have 

J2(21k 3 + 22k 2 + 8k + l)(^^ 256 n - 1 ~ k = (mod 2n 3 



k=0 

and 

E( 168fc3 + 76k 2 + Uk + 1) ^ V^" 1 "^ = (mod 2n 3 ^ ' 



n 



Remark, (a) B. Gourevich and Guillera (see [Gl, Section 4]) conjectured 

y> 168A; 3 + 76k 2 + Uk + 1 /2fc\ 7 _ 32 
fc=0 v 7 

and 

(21fc 3 - 22A; 2 + 8A; - l)256 fc _ tt^ 

respectively. Zudilin [Zu] suggested that for any odd prime p we might 
have 

168A; 3 + 76k 2 + Uk + 1 (2k\ 7 3 , , 7 . 

E UJ ={ T r {wodp) ' 

which is weaker than the second congruence in Conj. A42(i). 
(b) Let di = 2 and 

/2n - 1\ 4 

(2n+l) 3 a n = 32n 3 a n _i + (21n 3 +22n 2 +8n+l) forn = 2,3, 
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Then for any n G Z + we have 



? V (21A; 3 + 22A; 2 + 8A; + l)256"" fc f 2/C 

16(2n + l)3(^) 3 ^; V< 

8 V(21A; 3 + 22A; 2 + 8A; + l)256 n - ;£ f 2/i; ) . 



2(-+i) 3 ( 2( ; + + 1 1) ) fcs 



The author created the sequence {a n }n>o 

at OEIS as Al 76477 (cf. [S]). 
We not only conjectured that a n £ Z+ for all n = 1,2,3,... but also 
guessed that a n is odd if and only if n = 2 h for some k G Z+. We have a 
similar conjecture related to the last congruence in Conj. A42. 

Conjecture A43 ([Slle]). (i) For any prime p > 3 we have 

£ ^ ± ft" - - v*e>+v*P)> (mod 

n=0 fc=0 V 7 V 7 V 7 



(ii) Let m > 1 6e an integer. Then 



Moreover, a m is odd if and only if m is a power of two. 

Remark. The reader may consult [S-ll, S-12] for more congruences and 
identities involving similar sums. 

Conjecture A44 ([S-ll]). For any prime p > 5, we have 



£T( 2 ;)E(;)("r)(:)«- 

n=0 v 7 k=0 V 7 V / \ / 



( 54 + 49 0l)) ( mod ^ 
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and 



n—k 



' Ax 2 - 2p (mod p 2 ) ./(f) = (f ) = (f ) = (f ) = 1, p = x 2 + 105y 2 , 

2* 2 - 2p (mod p 2 ) if(f) = (f ) = 1, (|) = (f ) = -1, 2p = x 2 + 105y 2 , 

2p - 12x 2 (mod p 2 ) if(f) = (§) = (f ) = (f ) = -1, p = 3x 2 + 35y 2 , 

2p - 6x 2 (mod p 2 ) if(f) = (f ) = -1, (f ) = (f) = 1, 2p = 3x 2 + 35y 2 , 

20x 2 - 2p (mod p 2 ) if{f) = (f) = l, (§) = (f) = -l,p = 5x 2 + 21y 2 , 

10x 2 - 2p (mod p 2 ) if(f) = (§) = 1, (f) = (f) = -l,2p= 5x 2 + 21y 2 , 

28x 2 - 2p (mod p 2 ) if(f) = (§) = -1, (|) = (£) = l,p= 7x 2 + 15?, 2 , 

Ux 2 - 2p (mod p 2 ) if(f) = (§) = -1, (f ) = (f ) = 1, 2p = 7x 2 + 15y 2 , 



0(modp 2 ) tf(=IQ5) = _i. 



n=0 v 7 fc=0 v 7 v / \ / 



Remark. The quadratic field Q(^/—T05) has class number eight. I'd like to 
offer $f050 for the first correct proof of all the congruences in Conj. A44, 
and $90 for the first rigorous proof of the series for 90/7T in Conj. A44. 

Conjecture A45 ([Slle]). For any prime p > 3, we have 



.«)(*) 25 

fc=0 



and 



fc=0 



where Cj^ stands for the second-order Catalan number ( 3 ^/(2k + 1) = 

(¥)-*(**.)■ 

Remark. A related conjecture of Rodriguez- Villegas [RV] proved by Morten- 
son [M2] states that if p > 3 is a prime then 
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Using the Gosper algorithm we find the identity 



+ 5 » (9 (?) 432 - 1 - < 6 - + + 5 ) 6) ( 3 ;) <» - n » 



fc=0 

which implies that 

p-i 



^ 432 fc \3kl\kl= 5p2 ^ m ° d ^ f ° r any Prime P > 3 ' 

fc=o V / V / 



Conjecture A46 ([Slle]). Let p > 3 be a prime. 

(i) We have 

^ = r (t-ivs 3 ) ( m ° d p 2 ) tfp = 1 ( m ° d 3 )' 

h 24k ~{p/(t+i)/i) ( mod ^) ^/P- 2 (mod 3). 

(ii) When p = 1 (mod 3) and 4p = x 2 + 27y 2 witt x = 2 (mod 3), we 
may determine x mod p 2 in the following way: 

g^U^^" (modp) - 

(iii) We afeo /iaue 

*£m^^i(f-(im (modp) . 

^ 24* 2^(p-(§))/3,/ 



Remark, (a) I'd like to offer $27 (27 US dollars) for the first correct proof 
of part (ii) of Conj. 46. 

(b) It is known (cf. [HW]) that for any prime p = 1 (mod 3) with 
Ap = x 2 + 27y 2 we have C^lly^) = (f )(§ - &) (mod p 2 ). The author 
[S-9] showed that for any prime p > 3 we have 

p-l / 3fc \ p-1 / 3A: 



/ 3fc \ p-l / 3A; \ 

EU,fc,ilJ (P\ ST^ \k,k,k) i , 2\ 
^F2T6F (modp) ' 

fc=o fc=o v ' 

E^\k,k,k) _ n /P\ \k,k,k) , , 2\ 

-^= 9 U) ^F2T6F (modp) - 

fc=0 fc=0 v ; 

Recently Z. H. Sun [Su3] confirmed Conj. A46(i) modulo p. 
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Conjecture A47 ([Slle]). Let p > 3 be a prime. If p = 1 (mod 4) and 
p = x 2 + y 2 with x = 1 (mod 4) and y = (mod 2), i/ien 



P-1 (2k\ (4k\ / a \ 

i^(?)fi)-e)-^- 



If p = 3 (mod 4), i/ien 



fc=0 °i,( p+ l)/4^ 



Conjecture A48 ([Slle]). Let p > 3 be a prime. Then 

) \2k- 

48 fc 



p-l (2k\ I 4k \ 



If p= 1 (mod 3) and p = x 2 + 3n 2 wit/i x = 1 (mod 3), t/ien 

P-l (2k\ (4k\ 

£ii^ s2x _JL (modp2) , 

fe=0 

and we may determine x mod p 2 via the congruence 
p-i 



^ k + 1 (2k\ [Ak\ . . 2 . 



fe=0 

If p = 2 (mod 3), t/ien 

P-l /2fc\ /4fc\ o 

^ 48 fc - 2 ^ +1 )/ 2 ^ imoapj - 

fc=0 ^(p+l)/^ 

Remark. The author [S-9] proved that for any prime p > 3 we have 

P-l /2fcW4fc\ / 9\ P_1 f 2 fc\ /4fc\ 

fro (- 192 ) fc V P >/ fr 48* 



and 

E 7^ s I (tJ E "T 1 (mod p ) ' 

I'd like to offer $48 for the first correct proof of the first congruence in 
Conj. A48. 
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Conjecture A49 ([Slle]). Let p > 3 be a prime. If (^) = 1 and p = 

x 2 + 7y 2 with (f) = 1, then 

P-1 (2k\ [4k\ 

g^{?)ffl-(i)-(-^ 

//(2) = -l, toen 

P-1 /2fc\ (4k\ P-1 /2fcW4fc\ 2 
fc=0 fc=0 

Remark. Z. H. Sun [Su2] made progress on Conjectures 47-49 by obtaining 
Efc=i (2) ( 2 k)/ mk mod P for m = 48, 63, 72 (see also Conj. B16). 

Conjecture A50 ([Slle], [S-7]). Let p be an odd prime. For any a E Z + 
we have 



k=0 

and 



P a -1 (2k 



P-1 /2fc\ /4fc\ 7 



fc=i 

E ^j^F s - m ^ - 2 (t) pE >- 3 (mod p2) ' 

(p " 1)/2 64 fc / \ 

p £ ( 2 t -i)^fflQ sl6 K--(T)H (modp2) ' 

Remark. Mortenson [M2] proved the following conjecture of Rodriguez- 
Villegas [RV] : For any odd prime p we have 

P-1 (2fc\/4fc\ 



fc=0 



p 
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Conjecture A51 ([Sllb]). Let p be an odd prime. If p = 1 (mod 3), 
then 

J2 ^ = 2p-2(modp 2 ). 

fc=0 



If p = 1 (mod 4), t/ien 



(p-l)/2 3 
£;=0 



Remark. The author [lib] determined J2k =0 C%/64 k modulo any odd 
prime p. 

Conjecture A52 ([Slle]). Let p > 3 be a prime. Then for any a G 
we have 

_ fp a \ ^V'„ /A , ,3, 

£"27«- = Uj-(— js^-'UJ (m ° dP) 

and 

£^-ff)-f(^)M8 

c? > = _S2_ = (3*w 



/fc 2^ + 1 v^y V^- 1 , 

is a second-order Catalan number (of the first kind). Furthermore, 



P- 1 (2k\ r {2) 

£ (4fc + l)i*J^(|) (mod/). 

fc=0 



Remark. Mortenson [M2] proved the following conjecture of Rodriguez- 
Villegas [RV] for primes p > 3: 

p-l I 3k \ p-1 ,2k\ (3k\ , v 

EW^W 5 © (modp2 »' 

k=0 k=0 
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Conjecture A53 ([Slle]). Let p > 3 be a prime. Then 

'k C k } = 2 (P s 
27 k V3, 



(| -p(modp 2 ) 



fc=0 



and 



where 



P- 1 ^ /o(2) 
fc=0 



(inodp), 



(2) _ 2 /3fc\_ /3fc\ / 3* \ 



is a second- order Catalan number of the second kind. Hence 

p-l 1 2k \ I 3k \ 

E\k-i) Kk-i) — fP\ t i 2 \ 
— ^ = (-) -p (modp ) 

fc=i 

and 

-1 / 2k \ I 3k 



27 k 

=i 

Remark. Note that 



p-l I 2k \ I 3k \ 

E U ± ^U ±1 )^ 2 (| ) _ 7(modp) 

k=l 



2k\(3k\ ((2k\ r \( 3 i)-Cl 



k-lj\k-lj \\k 

^)a)-(ff)-^)M)-^ 



Mathematica yields that 



^g^gf = 8lV3 

fc=0 



Conjecture A54 ([S-l]). Let p be an odd prime. Then 

g 2* /W 
fc=i 



z — 1 V / 



and 

1 f (mod p 2 ) if p = 1 (mod 4), 



^ &2 fc ( 3 fc fc ) I -3/5 (mod p 2 ) t/p = 3 (mod 4). 
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When p > 3 we have 
p-i 



Also, 



^(25fc + 3)k2 k ^ = 6 (-^j - 18p (mod p 2 ), 



and 



k=0 

(p ^i /2 25k-3 f-l\ f2\ 5p . , 2 . 

/c — \ k / 

Remark Gosper announced in 1974 that Y^T=o( 2bk ~ 3 )/( 2fc fif)) = ^/2. 

In [ZPS] Zhao, Pan and Sun proved that Y%=i X (?) = ( mod p) for 
any odd prime p. 

Conjecture A55 ([S-6]). Let p be an odd prime and let a G Z + . 

(i) If p a = 1,2 (mod 5), or a > 1 and p ^ 3 (mod 5), 

SWtM?) (modp2) - 

If p a = 1,3 (mod 5), or a > 1 and p ^ 2 (mod 5), then 
Lfp a J 



fc=0 

T/iws, if p a = 1 (mod 5) £/ien 



)■ 



£ (-l) fc (^)=0(modp 2 



|p°<fc<|p a 

(ii) If p = 1,7 (mod 10) or a > 2, then 
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If p = 1,3 (mod 10) or a > 2, then 
L*p a J (2k 



? s (t) (mod p2) - 



fc=0 

(iii) If p = 1 (mod 3) or a > 1, t/ien 



Le^ J f2fc\ / o \ 



fc=0 

For any nonnegative integer n we have 

n (2k 



I £ (f) _ / 1 (mod 9) if3\n, 



(2n + l) 2 ( 2 ™) ^ 16* I 4 (mod 9) z/3fn. 
^4/so, 

(3 a -l)/2 , 2fc x 

*fc E ^ - (-1H0 (mod 27) 



for every a = 1, 2, 3, ... . 

Remark. Let {-F n } n ^o be the Fibonacci sequence given by Fq = 0, Fi = 1 
and F n+ i = F n + (n = 1,2,3,...). H. Pan and the author [PS] 

proved that if p ^ 2, 5 is a prime and a is a positive integer then 

E(-i)*( 2 *Hf) (i-^-(o) < mod ^ 

which is Conjecture 3.1 of [ST]. The author [S-6] proved that for any prime 

p 7^ 2, 5 and a G Z + we have 

(p a -l)/2 /2fc^ / . / p \ 

£ A - ft) 

He [S-6] also showed that EtC^ ( 2 fc)/ 16fc = (£) ( mod P 2 ) for an y odd 
prime p and a G Z + . 

Conjecture A56 ([Slle]). Let p > 3 be a prime. If p = 7 (mod 12) and 
p = + 3y 2 with y = 1 (mod 4), £/ien 

| (I) - (- 1 ' (p - 3,/4 ( 4 * - i) < mod p 2 » 



OPEN CONJECTURES ON CONGRUENCES 



45 



and 

p- 1 / l \ U(2k\ 2 



k=0 

If p = 1 (mod 12), then 



£ (|) ^ - (-1)^"^ (mod/). 



k=0 



Recall that the Pell sequence {P n }n^o and its companion {Qnjn^o are 
defined as follows: 

P = 0, Pi = 1, and P n+1 = 2P n + P n _ x (n = 1, 2, 3, . . . ); 

Qo = 2, Qi = 2, and Q n+ i = 2Q n + Q n _i (n = 1, 2, 3, . . . ). 

Conjecture A57 ([S-4]). (i) Let p be a prime with p = 1,3 (mod 8). 
Write p = x 2 + 2y 2 x, y G Z and x = 1, 3 (mod 8). Then 

P k [2k\ 2 _ f (mod p 2 ) if p = 1 (mod 8), 



fc=0 

Also 



^A-$) k \k) \ (-l)(P" 3 )/ 8 (p/(2x) -2x) (modp 2 ) z/p = 3(mod8). 



^ /2fc\ 2 (-1)(-+D/ 2 / 2 

Z2(^{k = 2 \ X+ 2- X ) {m ° dp) - 

k=o v / \ / 



(ii) If p = 7 (mod 8) is a prime, then 

P- 1 / 1 \ n /07 \ 2 



Conjecture A58 ([S-4]). Let p 6e an odd prime. 

(i) If p = 3 (mod 8) and p = x 2 + 2y 2 with y = 1, 3 (mod p), t/ien 

(ii) Suppose that p = 1, 3 (mod 8), p = a: 2 + 2y 2 £ = 1,3 (mod 8) 
and also y = 1, 3 (mod 8) w;/ien p = 3 (mod 8). Then 

^ kP k (2k\ 2 _ f (-l)( p " 1 )/ 8 (p/(4x) - x/2) (mod p 2 ) if p = 1 (mod 8), 
^32*\fc/ = I (-l) (y+1)/2 y (mod p 2 ) 2/p = 3(mod8). 



46 ZHI-WEI SUN 



Conjecture A59 ([S-4]). Let p be a prime with p = 1,3 (mod 8). Write 
p = x 2 + 2y 2 with x,y E Z and x = 1, 3 (mod 8). Then we have 

and 

^ kQ k (2k\ 2 = f (modp 2 ) z/p=l (mod8), 

^(-8) fc V^y ~~ l (-l) (p " 3)/8 2(x + p/x) (modp 2 ) z/p = 3(mod8). 



fc=0 



Conjecture A60 ([S-4]). Let p be an odd prime. 

(i) When p = 1 (mod 8) and p = + 2y 2 wt/i x, y G Z and x = 
1,3 (mod 8), we have 

fc=o v 7 

(ii) If p = 1,3 (mod 8) andp = x 2 + 2y 2 roii/i x = 1,3 (mod 8) and a/so 
y = 1, 3 (mod 8) when p = 3 (mod 8), £/&en 

^ fc( 2 fc fc ) 2 J (-l)^" 1 )/ 8 ^ - 2x) (mod p 2 ) ifp = 1 (mod 8), 

^ 39fc = 
fc=0 



32 fc ^ \ (-l)^ +1 )/ 2 2y (mod p 2 ) z/p = 3 (mod 8). 



Conjecture A61 ([S-4]). Let p > 3 be a prime. Ifp = 7 (mod 12) and 
p = x 2 + 3y 2 with y = 1 (mod 4), t/ien 

and 

eT( 2 J^- i » m,, ( 6 »-I) (- d ^ 

If p = 1 (mod 12), t/ien 

P _1 t a 1 \ /r.7 \ 2 



^ ^1) /2fcV 
4 fc I fe J 

fc=0 v 7 



= (mod p 2 ) 
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Conjecture A62 ([S-4]). Let p > 3 be a prime. If p = 7 (mod 12) and 
p = x 2 + 3y 2 with y = 1 (mod 4), t/ien 



fc=0 

and 



k=o v 7 



and 



also 



Conjecture A63 ([S-4]). Let p be an odd prime. 

(i) If p = 1 (mod 12) and p = x 2 + 3y 2 with x = 1 (mod 3), i/ien 

g ^ ( 2 ff = (_l)(P-D/*«-i)/> (4, - I) (mod ^) 

E^( 2 *)W--(^) (-^ 

A;=0 V 7 

^^'(t) 2 " (-D"- I,/4+<I+1)/2 (te - |) (mod p 2 ) 

fc=0 v 7 

(ii) If p = 7 (mod 12) and p = + 3y 2 wi/i y = 1 (mod 4), t/ien 

E^(?) 2 -<- 1 ) ( '- 3,/4 (^-;) <- P 2 >. 

E^(T) 2 -(-i) (,,+1)/4 (^-f) (-od/) 



p-1 

E 

k=0 



and 



k=0 

and 



P- 1 1 (A 1 \ /m \ 2 

„2\ 



^ 64 fc 1 fc J 
fc=0 v 7 



4y (mod p ). 
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(iii) Ifp = 11 (mod 12), then 

P- 1 / 1\ (A 1\ 2 



Remark. Recently Z. H. Sun [Su2] confirmed the first congruences in Con- 
jectures 56-62 modulo p, and the first and the second congruences in Conj. 
A63(i) and the first congruence in Conj. A63(ii) modulo p. See also Conj. 
B12 for his progress on some of the author's conjectured congruences. 

Recall Apery numbers are those integers 



which play a central role in Apery's proof of the irrationality of £(3) = 
Y^=i l/ 77 - 3 - We also define Apery polynomials by 



*.(*>=£(;)'( 

fe=o v 7 x 



2/n+ k k ) 2 * k (n = 0,l,2,...). 



Note that A n (l) = A n . 

Conjecture A64. (i) ([Sllj]) Let p be an odd prime. Then 
p-i 

5> 

fc=0 

4x 2 - 2p (mod p 2 ) ifp = 1,3 (mod 8) and p = x 2 + 2y 2 (x, y e Z), 
(mod p 2 ) z/p = 5, 7 (mod 8); 



and 



p-i 

fc=0 

4x 2 — 2p (mod p 2 ) if p = 1 (mod 3) and p = x 2 + 3y 2 (x, j/GZ), 
(mod p 2 ) if p = 2 (mod 3). 



(ii) ([Sllj]) Let p > 3 be a prime. If p = 1 (mod 3), i/ien 

-1 P-I j y'' 

"16*" 



/2,k\ 1 



k=0 k=0 
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If p = 1,3 (mod 8), then 



p—l p—l I 4fc \ 



256 fc 

fc=0 fc=0 

(iii) ([Sllj]) Let p > 3 be a prime. If x belongs to the set 

{1, -4, 9, -48, 81, -324, 2401, 9801, -25920, -777924, 96059601} 

, | f 81 9 81 _3969l 
U I 256' ~16' 32' ~~ 256 J 

and a; ^ (mod p), £/ien we must have 

p-l , . p-l / 4fc \ 

Remark. Let p be an odd prime. In [Sllj] the author proved that 

"16*" 



( 2k Y 



and that 



k=0 k=0 



p—l , N p-l / 4fc 



fro W fr (256x) fc 



for any p-adic integer x ^ (modp). Thus the two congruences in 
Conj. A64(i) hold modulo p and also J2k=o(~ l) fc ^.fc = (mod p 2 ) if p = 
2 (mod 3). For those x = -4, 9, -48, 81, -324, 2401, 9801, -25920, -777924, 
96059601, 81/256, the author had conjectures on Y%=o (fe,fe,fe, J/( 256x ) fc 
mod p 2 (see A3, A13-19, A21, A24, A25, A28). Motivated' by this, Z. H. 
Sun [Sul] guessed £^ ( k ^ k ) /(256x) fc mod p 2 for * = - §, -*f . 

Conjecture A65. (i) ([Sllj]) For any prime p > 3 we have 

P-i 7 

^(2/c + l)A fc = p - -p 2 # P _i (mod p 6 ), 

fc=0 

+ lfA k =p 3 + Ap A H p _ x + -p 8 S p _ 5 (mod p 9 ) 

k=0 
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,d 

p-1 

3 V3 



p-i 

J2(2k + lf(-l) k A k = -l(l) (modp 3 ). 

k=0 

(ii) (Discovered on Oct. 2, 2011) Let p > 5 be a prime. If ( 

en 

p— l p— l 

£ A fc n fc (7, 1) = ^ A fc i> fc (7, 1) = (mod p 2 ), 

fc=0 k=0 

p-1 

^fcA fcWfc (7,l)EE^(25(|)+27) (modp 2 ), 

k=0 

p-i 

^M fc ^(7,l)EE-|(5(|)+3) (modp 2 ). 

£;=0 

p ee 1, 4 (mod 15) and p = x 2 + 15y 2 (x, j/GZ), i/ien 
p-i 

^A fc n fc (7,l) =0 (modp 3 ), 

fc=0 

^fcA fc n fc (7,l) ee 3P ~ 5 4X (modp 2 ), 

fc=0 

p-i 

^ A fc t> fc (7, 1) ee 8x 2 - 2p (mod p 2 ), 

fc=0 

p-i 

^(2£; + 1)^(7, 1) ee 2p (mod p 3 ). 

fc=0 

p = 2, 8 (mod 15) and p = 3x 2 + 5y 2 (x, y G Z), i/ien 
p-i 

^ A fc n fc (7, 1) ee 2p - 12x 2 (mod p 2 ), 

k=0 

p-i 

J^(45/c + 19)A fc n fc (7, 1) = 26p (mod p 3 ), 

k=0 

p-i 

A k v k (7, 1) ee 84a; 2 - 14p (mod p 2 ), 

fc=0 

p-i 

^(7£; + 3)A k v k (7, 1) ee -28p (mod p 3 ). 

fc=0 
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(iii) (Discovered on Oct. 2, 2011) Let p > 5 be a prime. If p = 
3 (mod 4), then 

p—i p—i 

J2(-V k AkU k (U, 1) = ^(-1)^,(14, 1) ee (mod p 2 ), 

fc=0 fc=0 

p-1 

£(-l) fc M fe u fc (14, 1) ee (l5 (I) + 16) (mod p 2 ), 

fc=0 

p-1 

J2(-l) k kA k v k (U, 1) ee p (5 (|) + 4) (mod p 2 ). 

A;=0 

If p = 1 (mod 12) and p = x 2 + 9y 2 (x, j/GZ), t/ien 
p-i 

^(-l) fc A fcWfc (14,l) = (modp 3 ), 

fc=0 

£(-l)*fcA fcUfc (14,l) = ^-^ (mod/), 

fc=0 

p-i 

^(-l) fc A fc ^(14, 1) ee 8x 2 - 4p (mod p 2 ), 

fc=0 

p-i 

5^(-l) fc (2fe + l)A k v k (U, 1) ee 2p (mod p 3 ). 

fc=0 

If p = 5 (mod 12) and p = x 2 + y 2 (x, y e Z), £/ien 
p-i 



£(-l) fe ^ fe (14, 1) ee -4sj, (^) (mod p 2 ), 

fc=0 

p-i 

^(-l) fc (48/c + 17)A fcUfc (14, 1) ee Sip (mod p 3 ), 
=0 
p-i 

^(-1)^(14, 1) ee 56xy (^) (mod p 2 ), 

k=0 

1 

^(-l) fc (14/e + 5)A fc t; fc (14, 1) ee -126p (mod p 3 ). 



fc=0 

p-i 



fc=0 

p-1 



A;=0 

Remark. The author [Sllj] proved that n | X]fc=o(^^ + l)^-fc(^) for all 
n e Z+ and x G Z and that Efc=J( 2/c + l)^fc = P + \v^ B p-?> ( m °d p 5 ) 
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for any prime p > 3. Motivated by the author's work in [Sllj], Guo 
and Zeng [GZ1] proved that n 3 | Yl=l( 2k + l f A k for all n e Z+ and 

Efc=o( 2/c + i) 3 ^ = p 3 ( mod p 6 ) for an y P rime p > 3 - 

Those integers 

v 1 - fn\ fn + k\ ^ (n + k\ (2k\ . 

D » = EU( k )=E( 2fc )( fc J (neN) 

fc=0 v 7 v 7 fc=o v / \ / 
are called central Delannoy numbers; they arise naturally in many enu- 
meration problems in combinatorics. 

Conjecture A66 ([Sllf]). Let p > 3 be a prime. Then 

p- 1 D 

E x = -QpW+pqpW 2 (mod P 2 ). 

k=l 



Also, 



k 

n=l k=l 



Ax 2 (mod p) if p = 1 (mod 4) & p = x 2 + y 2 (2 f x), 
(mod p) if p = 3 (mod 4), 



and 

(p-i)/2 

D n s n = 

n=l 

5 -E(" 2 ;>-E^T(i)("r 

fc=0 v 7 fc=o \ / \ 

is the nth Schroder number. 

Remark. For any prime p > 3, the author ([Sllf], [Sllj]) proved that 

J2D k =i — \ -p 2 E p - 3 (modp 3 ), J2^- = ^( — jE P -3 (modp), 
fe=o VP/ fc=1 VP/ 

and that 

£^ = -^,(2) (modp), E^f = -2g p (2) 2 ( m ° d P)- 
fc=i fc=i 

Just like A n (x) = ELo ©Y^)^ we define 



fc=0 v 7 v 



n\ f n + k \ h 
,x K . 

k 



Actually D n ((x — l)/2) coincides with the Legendre polynomial P n (x) of 
degree n. 
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Conjecture A67 ([Sllj]). (i) For any n G Z the numbers 



k=0 

and 

n-1 



1 / 1 \ • 



k=0 

are rational numbers with denominators 2 2v2 ^ and 2 3 ( n ~ 1+l/2 ( n -^~' /2 ( n ^ 
respectively. Moreover, the numerators o/s(l), s(3), s(5), . . . are congruent 
to 1 modulo 12 and £/ie numerators of s(2), s(4), s(6), . . . are congruent to 
7 modulo 12. Tjfp is an odd prime and a G Z + , £/ien 

s(p a ) = = 1 (mod p). 

For p = 3 and a G Z + we have 

s(3 a ) = 4 (mod 3 2 ) and t(T) = -8 (mod 3 5 ). 

(ii) Let p be a prime. For any positive integer n and p-adic integer x, 
we have 

(\ n_1 \ 
u p (-J2^k + l)(-l) k A k (x) ^min{z/ p (n),z/ p (4x-l)} 

^ n k=o ' 

and 

uJ -^(2k + l){-l) k D k {xf J >min{z/ p (n),z/ p (4a: + l)}. 

^ n A:=0 ' 

Conjecture A68 ([Silk]). If p is an odd prime and x ^ 0, — 1 (mod p) 
is an integer, then 

J](2k + l)(-l) k D k (x) 3 =p(^±±) (mod/), 
to \ P J 

and 

p-i 

^(2fc + l)D k {xf = p (mod p 2 ). 

k=0 
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Conjecture A69. Let p > 3 be a prime. 
(i) ([Sllf]) PFe /law 
p— 1 p— l 

^D fc (-3) 3 = ^(-l) fc J D fc (2) 3 

fc=0 k=0 

{=±){Ax 2 - 2p) (mod p 2 ) ifp = 1 (mod 3) & p = x 2 + 3y 2 (x, yeZ), 
(mod p 2 ) ifp = 2 (mod 3). 

Also, 

p-i 



k=0 

Ax 2 — 2p (mod p 2 ) if p = 1,7 (mod 24) and p = x 2 + 6y 2 , 
= ■( 8x 2 - 2p (mod p 2 ) ifp = 5, 11 (mod 24) and p = 2x 2 + 3y 2 , 
0(modp 2 ) if(^) = -l. 

And 

5>(s)« = £(-i)*ZM-4) 3 ^ (=5) £(-D*fl» (-^V 

fc=0 Jt=0 \ V / k=0 \ / 

{4a: 2 — 2p (mod p 2 ) if p = 1,4 (mod 15) and p = x 2 + 15n 2 , 
12a; 2 — 2p (mod p 2 ) if p = 2,8 (mod 15) and p = 3x 2 + 5y 2 , 
0(modp 2 ) tf(i) = _l. 

(ii) (Discovered on Sept. 30, 2011) if (^) = -1, tfien 
p— l p— l 

^L»|n fc (6,l) = J]D^ A; (6,l) = (modp 2 ). 

fc=0 fc=0 

Ifp = 1, 7 (mod 24) and p = x 2 + 6y 2 (x, y eZ), then 

p-i 

5]D|n fe (6,l) = (modp 2 ), 



fc=0 

p-i n 
^fc£>^ fc (6,l) = -— x 2 (modp 2 ), 

fc=0 

p-i 

^D 3 ^(6,l) = 8x 2 -4p (modp 2 ), 

fc=0 

p-i 

£(2A; + l)D|n fc (6, 1) = -| (mod p 2 ). 

fc=0 
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Ifp = 5, 11 (mod 24) and p = 2x 2 + 3y 2 (x, yeZ), then 
p-i 

J2D 3 k u k (6,l)=8x 2 -2p (mooV), 

fc=0 

p-i 

^(128£; + 53)D£ufc(6, 1) = 30p (mod p 3 ), 

k=0 

p-i 

Dlv k (6, 1) = 12p - 48x 2 (mod p 2 ), 

k=0 

p-i 

^(144/c + 61)D^ fc (6, 1) = -186p (mod p 2 ). 

k=0 

Remark. It is known that (— l) n D n (x) = D n (—x — 1) (see [Sllf, Remark 
1.2]). 

Recall that 

r.:=M(l + » + ^=E(a)ffl 
is called a central trinomial coefficient. And those numbers 

Ln/2j 



fc=0 v 7 



(n = 0,l,2,...) 



are called Motzkin numbers. H. Q. Cao and the author [CS] showed that 

Tp-i = (J^j 3 P_1 (mod p 2 ) for any prime p > 3. 
Conjecture A70 ([Silk]). For any prime p > 3, we /iaue 

X>f = (2 - 6p) (|) (modp 2 ), 

fc=0 

p-i 

£fcM2 = (9p-l)(!) (modp 2 ), 

A;=0 

g r ^ s |(E) + E (l _ 9 (|)) (modA 

fc=0 

E^^-K-(D) o-* 

fc=0 
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Remark. The author [Silk] proved that J2k=o T% = (^) (mod p) for any 
odd prime p. 

For 6, c G Z and re G N we define 

[n/2] 



T n (6, c) := [^](* 2 + 6x + c)» = J] ( ™) 



n—2k ( Jt 



k=0 

and 

Ln/2j 



M„(6,c):= £ U k )C k h 



n—2k ( Jt 



Conjecture A71. (i) ([Silk]) Let b and c be integers. For any n G Z+ 
we have 



n-l 



^T fc (6,c)M fc (6,c)(6 2 -4c) n - 1 - fc = (mod re). 



fc=0 

If p is an odd prime not dividing c(b 2 — 4c), then 

|ZMM^^(^_ l)(modp2 , 

(ii) ([Silk]) Let p > 3 be a prime. Then 

g T fc (3, 3)M fc (3, 3) _ ( 2p 2 (mod p 3 ) if p = 1 (mod 3), 

fc=0 



(— 3) fc [ p 3 — p 2 — 3p (mod p 4 ) if p = 2 (mod 3). 



Remark. The author [Silk] proved that if p is an odd prime not dividing 
c(6 2 — 4c) then 



c 2 - 4 ^" 



and 



^ (b-2c) k V P / 2c VA P 

He also showed that if p is an odd prime not dividing c(b 2 — 4c 2 ) then 

^ T fc (5,c 2 )M fc (6,c 2 ) 46 ^ 5 2 -4c 2 ^ 

g (5-2cP "6T^(^^J (m ° dp) - 
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Conjecture A72 ([Silk]). Let b,c G Z. For any n G Z+ we have 

n-l 

J2( 8ck + 4c + b)T k (b, c 2 ) 2 (6 - 2c) 2 ( n " 1 - fc) = (mod n). 
If p is an odd prime not dividing 6(6 — 2c), then 

g(8dfe + 4c + 6)^^ sp(6 + 2c)(^^) (mod/ 

Remark. The author [Silk] showed that 

i "f ( 2* + m = e (" : ') + 1) (f) 

fc=0 fc=0 v ' v ' 

for all n = 1, 2, 3, . . . and that if p > 3 is a prime then 

+#-!(!) 4 Mi)) 

fc=0 

He also proved that for any 6, c G Z and odd prime p \ b — 2c we have 
The author (cf. [S]) added the sequence 

^ n— 1 

-V(8£; + 5)T 2 (n = l,2,3,...) 



as A179100 at Sloane's OEIS. 

Conjecture A73 ([Silk]). Let p be an odd prime. We have 

^ T fc (2,2) 2 ^ ( 2 fc fc ) 2 _ f (mod p 3 ) z/p=l(mod4), 
4fc 2-r g fc ~\o(modp 2 ) i/p = 3(mod4). 

If p > 3, then 

fc=0 " fc=0 \ -f / 

Remark. The author [Silk] proved that for any prime p > 3 we have 



fc=0 \ ^ / 

^T^-l) 2 _ /-2\ 2 ^ T fc (2,-3) 2 _ m 2 

L — p — = lvJ ( modp )' is* = UJ ( mod ^)- 

fc=0 1 \ -f / fc=0 
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Conjecture A74 ([Silk]). Let p > 3 be a prime. 
(i) We have 

3\^ T fc (2,3) 3 _^ T fc (2,3) 3 

p i gfc (_64) fc 

^ 7 fc=0 fc=o v y 

= ^ T fc (2,9) 3 /3\^ T fc (2,9) 3 

Ax 2 - 2p (mod p 2 ) if p = 1, 7 (mod 24) and p = x 2 + 6y 2 , 
2p - 8x 2 (mod p 2 ) i/p = 5, 11 (mod 24) and p = 2x 2 + 3y 
0(modp 2 ) i/(^) = _i. 

ilnd 

p-i 

-2\ 



fe=0 

p-i 



1 (modp 2 ), 



B 3fc + 1) T^F^(y) (modp3) - 

When (y) = 1 we aaue 



and 



.A/SO, 



and 



fc=0 

p-i 



E( 72fc + 47 ) ^64) ^ = 42P (m ° d 



^(72* + 25)?M s i2 p g) (mod p 2 

k — 



n-l 



J2( 3k + 2 ) T fc( 2 > 3) 3 8 n_1_fc = (mod 2n) 



k=0 



n-l 



J2( 3k + !) T fc(2 5 3) 3 (-64) n " 1 - fc = (mod n) 

k=0 

for every positive integer n. 
(ii) We have 

2\ ^ T fc (18,49) 3 ^ T fc (18,49) 3 

F/ fc=0 £;=0 

4x 2 - 2p (mod p 2 ) if p = 1 (mod 4) & p = x 2 + y 2 (2 f x, 2 
(mod p 2 ) z/p = 3 (mod 4). 
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And 



-1\ ^ T fc (10,49) 3 = /6\ ^ T fc (10,49) 3 
p )jL (_ 8 ) 3 * -\pJ^ Q 12 3fc 

4x 2 - 2p (mod p 2 ) ifp = 1, 3 (mod 8) & p = x 2 + 2y 2 (x, y G Z), 
(modp 2 ) i/(^) = _i, i. e ., p = 5,7 (mod 8). 

^Z 1 T./m /lo'iS 



©(«-»(!)) ^ 



fc=0 

For each n = 1, 2, 3, . . . we /mi>e 

n-l 



^(7fc + 4)r fc (10,49) 3 (-8 3 ) n_1 - fc (mod An) 



k=0 

and 

n-l 



J2( 7k + 3 ) T fc( 10 > 49) 3 (12 3 ) n " 1 - fc (mod n). 

k=0 

Conjecture A75 (Discovered on Oct. 2, 2011). Let p be an odd prime. 
(i) When p > 5 we have 

^ / T fc (38,21 2 ) \ 3 _ /-5\ ^ / T fc (38,21 2 " 3 

f 4x 2 - 2p (mod p 2 ) t/ (|) = (f ) = (f ) = 1 k p = x 2 + 30y 2 , 

12a; 2 - 2p (mod p 2 ) if (f ) = 1, (§) = (f ) = -1 & p = 3x 2 + 10y 2 , 

2p - 8x 2 (mod p 2 ) if (§) = 1, (f ) = (§) = -1 & p = 2x 2 + 15y 2 , 

20* 2 -2p (modp 2 ) i/(f) = l, (f) = (f) = -l&p = 5x 2 +6y 2 , 

k (mod p)da Pt7 (mod p 2 ) if (=p-) = -1. 

p-i 



B m + 15)5» (124-1 9 (|)) (mod A 

fe=0 v ; 
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(i) When p ^ 7 we have 

^ / T fc (110,57 2 ) \ 3 = /-14\ ^ / T fc (110,57 2 ) \ 3 
froV 32^ ) p J2^{ (-28)* ; 

f 4x 2 - 2p (mod p 2 ) (f ) = (f ) = (f ) = 1 & p = x 2 + 42y 2 (x, y G Z), 
8x 2 - 2p (mod p 2 ) (f ) = 1, (f ) = (f ) = -1 & p = 2x 2 + 21y 2 (x, yeZ), 
12x 2 - 2p (mod p 2 ) (f ) = 1, (f ) = (f ) = -1 & p = 3x 2 + 14y 2 (x, y G Z), 
24x 2 - 2p (mod p 2 ) i/ (f ) = 1, (f) = (f ) = -1 & p = 6x 2 + 7y 2 (x, y G Z), 
[p(J Pi i9 (modp 2 ) i/(^2) = _i. 

2(684*: + 329) = ^ (si60 + 109l) (mod p 2 ). 

Conjecture A76 (Discovered on Oct. 4, 2011). Let p > 3 be a prime. 



Then 








^ff)^(3,-3) 

h (- 108 ) fe 










' 4x 2 - 2p (mod p 2 ) 


tf(f) = 


(f) = (f) = l& 


p = x 2 +21y 2 , 




12x 2 - 2p (mod p 2 ) 


tf(f) = 


(f) = -l, (§) = 


1 & p = 3x 2 + 7y 2 , 




2a; 2 — 2p (mod p 2 ) 


tf(f) = 


(§) = -!, (f) = 


1 & 2p = x 2 + 21y 2 , 




6x 2 — 2p (mod p 2 ) 


if(f) = 


i, (§) = (?) = - 


-1, & 2p = 3x 2 + 7y 2 




(mod p 2 ) 




= -i. 





M^e a/so /lave 
p-i 



Conjecture A77 (Discovered on Oct. 5, 2011). Let p be an odd prime. 
(i) We have 

P y gK(7,12) 

4x 2 — 2p (mod p 2 ) if p=\ (mod 12) k p = x 2 + 9y 2 (x, y G Z), 
= ^ — 4xy(^) (mod p 2 ) z'/p = 5 (mod 12) & p = x 2 + y 2 (x, y G Z), 
(mod p 2 ) if p = 3 (mod 4). 
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If p 7^ 3, then 

fc=0 fc=0 

(ii) VFe have 
y ( 2 fc fc )^ fc (9,20) 

fc=0 

4x 2 - 2p (mod p 2 ) z'/p = 1,9 (mod 20) & p = x 2 + 25y 2 (x, y G Z), 

(f )4xy (mod p 2 ) z'/p = 13, 17 (mod 20) & p = x 2 + y 2 (2 \ x, 5 | 

(mod p 2 ) if p = 3 (mod 4). 
If p ^ 11, £/ien 

^ E -ffl« (modp2) 

fc=0 fc=0 

Remark. Note that T fc (7, 12) = D fc (3) and T fc (9,20) = D fc (4) for all k = 
0,1,2,.... 

Conjecture A78 ([S-10]). Let p > 3 be a prime. 
(i) We have 



12 fc 

k=0 



(p-l)/2 , 2 fc\ 



E T|r T 2 fc (4,l)=l (modp 2 ), 

fc=0 

T> il)E KG)- p (7)) (modA 



A:=0 
(p-l)/2 /2fc 



J] Ml^M)^)^ (mod p 2 ), 



fc=0 
(p-l)/2 /2fc 



" f ) /**\ 

E W T2fe(8 ' 9) = U ( mod ^)- 



fc=0 

(ii) We have 

(p-1)/2 /2fc\ P-1 /2fc\ 

E t^^ 3 )-Et^ t ^( 4 '- 3 ) 

fc=0 fc=0 

r (^)(2x - (mod p 2 ) ifp = 1 (mod 3) & p = x 2 + 3y 2 (3 | x - 1), 

1 (mod p) if p = 2 (mod 3). 



62 ZHI-WEI SUN 

Also, 

iP ^ /2 (?) rp ,x _ / (-l) xy/2 2x (mod p) i/p = x 2 + 3y 2 (3 | x - 1), 

k=0 



4 fc v ' y iO(modp) %fp = 2 (mod 3); 



and 



/2fc\ 



(p-l)/2 / 2 fc 

16 fc 

(_l)(p-i)/4-b/6J 2x ( mo d p ) i/ p = i (mod 12) & p = x 2 + 3y 2 (4 | x - 1), 

(_l)y/2-i(M) 2 y (mod p) z'/p = 5 (mod 12) & p = x 2 + 3y 2 (4 | x - 1), 

(mod p) «/p = 3 (mod 4). 



Conjecture A79. (i) ([S-12]) Let p > 3 be a prime. Then 

P- 1 /o; \ 2 



\ ,v » 

fc=0 

4x 2 - 2p (mod p 2 ) ifp = 1,4 (mod 15) & p = x 2 + 15y 2 G Z). 

= ^ 2p — 12x 2 (mod p 2 ) z'/p = 2, 8 (mod 15) & p = 3x 2 + 5y 2 (x, y G Z) , 

(mod p 2 ) z'/ (^) = -1, i.e., p = 7, 11, 13, 14 (mod 15). 



,4nd 
p-i 

E 

fc=0 

Also, we have 

n-l 



^(105^ + 44)(-l) fc W \ k = p (20 + 24 (|) (2 - S^" 1 )) (mod p 3 

1 — n \ / 



1 flk\ 

— 2-^(-ir- 1 " fc (105fc + 44) T fc GZ+ /or aHn= 1,2,3,.... 

(ii) ([S-10]) If p = 1,4 (mod 15) and p = x 2 + 15y 2 with x, y G Z, £/ien 



P( P - 1)/2 (7v^T5±16v^3) = (-^^) (^) ( m °dp 2 ), 
where P n (x) denotes the Legendre polynomial X]fc=o (fc) ) ( £ T^) fc - 
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(iii) ([S-10]) Let p > 5 be a prime. If p = 1,4 (mod 15) and p 
x 2 + 15y 2 (x, y G Z) with x = 1 (mod 3), i/ien 

£ =4^*1 4 (| - 2-) (-dp 2 ), 

fc=0 
P-l /2fc\ /3fc\ 

E ^ - - ( mod 



and 



27 fc x 

k=0 



P-l /2k\(3k 
27 k 



2fc\ /3fc\ 

^(3^ + 2)^*2^ = 40; (mod/), 



fc=0 

where Fq, Fi, F 2 , . . . are Fibonacci numbers and L , Za, L 2 , . . . are Lucas 
numbers. If p = 2,8 (mod 15) and p = 3x 2 + 5y 2 (x,y G Z) with y 
1 (mod 3), t/ien 

P-l /2fc\ /3fc\ 

fc=0 y 

and 

fc=0 A;=0 

Remark. Let p > 5 be a prime. By the theory of binary quadratic forms 
(cf. [C]), if p = 1,4 (mod 15) then p = x 2 + I5y 2 for some x, y G Z; if 
p = 2, 8 (mod 15) then p = 5x 2 + 3y 2 for some x, y G Z. The author could 
show that for any prime p > 3 we have 



P-l /2fc\ /3fc\ 

E 07k Fk = ° ( m ° d ^ if P = 1 ( m ° d 3 )' 



fc=0 

and 

P-l /2fc\ (3k\ 

E fc 27fc fc L fc = ( mod P 2 ) if P = 2 (mod 3). 

k=0 

Conjecture A80. Let p > 3 be a prime. 
(i) ([S-10]) We have 

P y (t) 2 ?Ul(U) / P N^ ( 2 fc fc ) 2 T 2fc (6,l) ^ ( 2 fc fc ) 2 T 2fc (6,l) 
^ (-64) fc ~~ V3/ ^ 256 fc ^ 1024 fc 

fe=0 v ' k=0 k=0 

Ax 2 — 2p (mod p 2 ) if p = 1,7 (mod 24) & p = x 2 + 6y 2 (x, y G Z), 
= <( 8x 2 - 2p (mod p 2 ) ifp = 5, 11 (mod 24) & p = 2x 2 + 3y 2 (x, y G Z), 
(mod p 2 ) i/ (^) = -1, i.e., p = 13, 17, 19, 23 (mod 24); 
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Also, 



(- 64 > 

|>fc + i)( 2 *) ^(lcux-e^- 1 -^ (mod2n(^) 

/or atf ra = 2, 3, . . . . If (=£) = 1, then 

2J 16fe + 5 ) ^fc = 3^3 J ( m ° d P ) 

fe=0 

and 

fc=0 

(ii) (Discovered on Sept. 29, 2011) J/p = x 2 + 6y 2 with x = l (mod 3), 
then 

p-i /2fc\ /3fc\ 1 

EHo8^^ fc(4 ' 2) ^6( 2:r -D (m ° dp2) ' 

fe=0 
P-I /2fc\ /3fc\ 

fc=0 

P-I /2fc\ /3fc\ 

£(3fc- 1)^^(4,2) = -2a; (mod p 2 ). 

fc=0 

If p = 2x 2 + 3y 2 with x = 1 (mod 3), t/ien 

P-l /2fc\ /3fc\ 

EHo^ Ufc(4 ' 2) ^-4^ (m ° dp2) ' 

fc=0 



/2fc\ /3fc\ 

EHos^^ fc(4 ' 2)= i (modp 

fc=0 

P-l /2fc\ /3fc^ 4 

EHo^^ fc(4,2)= 3 X ( mod ^- 

£;=0 



2^ 
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Conjecture 81 ([S-10]). Let p > 7 be a prime. 
(i) We have 

- 1 ( 2 fc fc )( 3 fc fc )r fc (18,l) = /10\ ^ ( 2 *)( 3 fc fc )T 3fc (6,l) 



fro 512fc VWfr (-512)* 

x 2 - 2p (mod p 2 ) if (§) = (f ) = 1 & 4p = x 2 + 35y 2 , 

2p - 5x 2 (mod p 2 ) (f ) = (f ) = -1 & 4p = 5x 2 + 7y 

0(modp 2 ) if {&) = -!. 



And 



g (35 , +9) mm|(^4 (7 _ 5( | )) (modp2) , 

fc=0 

| ( 3 5 , + 9) (lg^ s |(H)( 25 + 7 ( f) ) (modp2) . 

(ii) Suppose that (|) = (y) = 1 and wz£e 4p = x 2 + 35y 2 with x,y G Z. 
If p = 1 (mod 3), £/ien 

P-1 /2A;\ /3fc\ 

E^I Z ( 64 + 27 v / 5±v^35)^(|)(2x-A) (modp2) . 

fc=0 

If p = 2 (mod 3), t/ien 

P-1 /2fc\ /3fc\ / \ 

E i ^(64 + 2TV5± v^35)* ^ ±7=35 (|) (y - JLJ (mod 



Conjecture 82 ([S-10]). Let p > 3 be a prime. Then 

y g) 2 ^(lM) 

^ 256 fc 



fc=0 



4x 2 - 2p (mod p 2 ) i/ (§) = (f ) = (f ) = 1 & p = x 2 + SOy 2 , 

12x 2 - 2p (mod p 2 ) (f ) = 1, (f ) = (f ) = -1 & p = 3x 2 + 10y 2 , 

= { 2p - 8x 2 (mod p 2 ) if (§) = 1, (f ) = (f ) = -1 k p = 2x 2 + 15y 2 , 

2p - 6x 2 (mod p 2 ) if (§) = 1, (|) = (f ) = -1 & 2p = 3x 2 + 10y 2 

{ (modp 2 ) j/(^0) = _i. 
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And 



y ( 2 fc fc ) 2 ^(30,l) 
^ 256 fc 

fc=0 

f 4x 2 - 2p (mod p 2 ) i/ (^) = (f ) = (f ) = 1 & p = x 2 + 42y 2 , 

12x 2 - 2p (mod p 2 ) if (=2) = 1, (f ) = (f ) = -1 & p = 3x 2 + Uy 2 , 

2p - 8x 2 (mod p 2 ) if (f ) = 1, (f ) = (f ) = -1 k p = 2x 2 + 21y 2 , 

2p - 6x 2 (mod p 2 ) if (§) = 1, (f ) = (f ) = -1 & 2p = 3x 2 + Uy 2 , 

0(modp 2 ) if(=f) = -l. 



Conjecture 83 ([S-10]). Letp > 3 be a prime. Whenp ^ 13, 17, we have 



p ^ (\ k )(\ k )T k m,i) 

10 23fc 

k=0 

( 4x 2 - 2p (mod p 2 ) if (|) = (f ) = (£) = 1 & p = x 2 + 78y 2 , 

2p - 8x 2 (mod p 2 ) t/ (|) = 1, (f ) = (£) = -1 & p = 2x 2 + 39y 2 , 

= 4 12x 2 -2p (modp 2 ) tf(&) = l, (|) = (§) = -! & p = 3x 2 + 26y 2 , 

2p - 24x 2 (mod p 2 ) i/ (f ) = 1, (f ) = (£) = -1 & p = 6x 2 + 13y 2 , 

L (modp 2 ) if (=11) = -I. 

Provided p ^ 11, 17, twe /iai>e 

198 3fc 

fc=0 

( Ax 2 - 2p (mod p 2 ) t/ (|) = (§) = (£) = 1 & p = x 2 + 102y 2 , 

2p - 8x 2 (mod p 2 ) (£) = 1, (f ) = (f) = -l&p = 2x 2 + 51y 2 , 

12x 2 - 2p (mod p 2 ) if (§) = 1, (f ) = (£) = -1 & p = 3x 2 + 34y 2 , 

2p - 24x 2 (mod p 2 ) if (§) = 1, (§) = (£) = -1 & p = 6x 2 + 17y 2 , 

{ (modp 2 ) i/(^2) = _i. 
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Conjecture 84 ([S-10]). Let p ^ 2, 5, 19 be a prime. We have 

P ^ C k k ) 2 T 2k (5778,1) 
1^ 1216 2fc 

fc=0 

f Ax 2 - 2p (mod p 2 ) if (§) = (f ) = (£) = 1 & p = x 2 + 190y 2 , 

8x 2 - 2p (mod p 2 ) if (§) = 1, (f) = ( JL) = -1 & p = 2x 2 + 95y 2 , 

2p - 20x 2 (mod p 2 ) if (§) = (f ) = -1, (&) = 1 & p = 5* 2 + 38y 2 , 

2p - 40x 2 (mod p 2 ) if (§) = (&) = -1, (f ) = 1 & p = 10x 2 + 19y 2 , 

I (modp 2 ) if(^) = -l, 

and 

2(57720^+24893)12^11^ ee p (l!548 + 13345 (|)) (mod p 2 ). 

fc=0 

Provided p ^ 17 we /lave 

gfflV M (5m,l) 5(g) gffl^(5r78,l) 

^ 439280 2fc \5/ ^ 1216 2fc v ; 

fc=0 A;=0 

and 



g (577m+3967) (SWil s P ( JL) ( 3983 _ 16 (I)) (mod 

fc=0 



Conjecture 85 ([S-10]). Let p > 5 6e a prime. Then 

y g) 2 ^ (198,1) ( 2 fc fc ) 2 T 2fc (322,1) 

^ 224 2fc V7/^ 48 4fc 

fc=0 fc=0 

4x 2 - 2p (mod p 2 ) if (§) = (f ) = (f ) = 1 k p = x 2 + 70y 2 , 

8x 2 - 2p (mod p 2 ) if (f ) = 1, (f ) = (f ) = -1 & p = 2x 2 + 35y 2 , 

= < 2p - 20x 2 (mod p 2 ) if (§) = 1, (§) = (f ) = -1 & p = 5x 2 + 14y 2 , 

28x 2 - 2p (mod p 2 ) if (§) = 1, (f ) = (f ) = -1 & p = 7x 2 + 10y 2 , 

{ (modp 2 ) i/(^Q) = _i. 
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Also, 



y g) 2 ^ (322,1) 
JL, (-2 10 3 4 ) fc 

Ax 2 - 2p (mod p 2 ) if (f) = (f ) = ( £) = 1 & p = x 2 + 85y 2 , 

2p - 2x 2 (mod p 2 ) 2/ (£) = 1, (f) = (f ) = -1 & 2p = x 2 + Shy 2 , 

2p - 20x 2 (mod p 2 ) if (=±) = 1, (f ) = (£) = -1 & p = 5x 2 + 17y 2 , 

10x 2 - 2p (mod p 2 ) i/ (f ) = 1, (=±) = (£) = -1 & 2p = 5x 2 + 17y 2 , 

0(modp 2 ) if(=M) = -i. 



And 



y ( 2 fc fc ) 2 ^(1298,l) 



fc=0 



4x 2 - 2p (mod p 2 ) if (f ) = (f ) = ( = 1 & p = x 2 + 130^ 



8x 2 - 2p (mod p 2 ) if (f ) = 1, (f ) = (£) = -1 & p = 2x 2 + 65y 2 , 

2p - 20x 2 (mod p 2 ) i/ (f ) = 1, {f) = (£) = -1 & p = 5x 2 + 26y 2 , 

2p - 40x 2 (mod p 2 ) t / (^) = 1, (^) = (§) = -1 & p = 10x 2 + 13y 2 , 

J2N it I -130 'v _ 



L (modp 2 ) i/(^y) = _l. 



Conjecture A86 (Parts (i)-(ii) and (iii)-(iv) were discovered on August 
16 and June 18, 2011 respectively), (i) For any prime p > 3 we have 

P y (S)( 2 fc fc )^(2702,l) 

fc=0 

( Ax 2 - 2p (mod p 2 ) if (=±) = (§) = (&) = 1, p = x 2 + 33y 2 , 

2p - 2x 2 (mod p 2 ) if (f) = 1, (§) = (£) = -1, 2p = x 2 + 33y 2 , 

= < 12x 2 - 2p (mod p 2 ) tf(£) = l, (f) = (§) = -l, p = 3x 2 + lly 2 , 

2p - 6x 2 (mod p 2 ) i/ (§) = 1, (f) = (£) = -1, 2p = 3x 2 + lly 2 , 

[ (modp 2 ) i/(^3) = _l, 

and also 

g^ffi G>™ ^ I (I) (t)) 
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(ii) Let p > 3 be a prime with p ^ 7. Then 

n P y (S)( 2 fc fc )^(H5598,l) 
7 J ^ 2688 2fc 



fc=0 



Ax 2 - 2p (mod p 2 ) if (f) = (§) = (i) = 1, p = x 2 + 57y 2 , 

2p - 2x 2 (mod p 2 ) if (f) = 1, (f ) = (&) = -1, 2p = x 2 + 57n 2 , 

12x 2 - 2p (mod p 2 ) if (§ ) = 1, ) = (&) = -1, p = 3x 2 + 1 V, 

2p - 6x 2 (mod p 2 ) i/(£) = l, (=!) = (§) = -1, 2p = 3x 2 + 1 9y 2 , 

{ (modp 2 ) i/(^Z) = _i, 



and a/so 

^ 260A; + 513 /4/c\ /2fc\ . . p { 2l\ { /— 1\\ , , 9n 

g ^688^ U)(J r '( 115698 ' « s H7) I* 1 + 65 (IT) ) (m ° d P >■ 

(iii) Let p > 3 6e a prime. Then 

x 2 - 2p (mod p 2 ) i/ (f ) = (£) = 1 & 4p = x 2 + 51y 2 (x, y G Z), 
= ^ 3x 2 - 2p (mod p 2 ) t/ (f) = (£) = -1 & 4p = 3x 2 + I7y 2 (x, y E Z), 



0(modp 2 ) i/(£) = -l, 



• 3/ V17, 

• p ■ 

51 



and a/so 

P-l /o \ n (n\(n+2k\(2k 



B 17 " + 9 > ( ;) £ U( 6 V U) - I (" (£) - t) (mod p*). 



n—k 



n=0 v 7 fc=0 

(iv) Let p > 5 be a prime. Then 

n=0 k=0 v 7 v / \ / 

x 2 -2p (modp 2 ) ^/(|) = (ii) = l&p = x 2 + 22 ?/ 2 (x,yeZ), 

8x 2 - 2p (mod p 2 ) i/ (|) = (£) = -1 & p = 2x 2 + lly 2 (x, y G Z), 

0(modp 2 ) ,/(^ 2 ) = _i, 
and a/so 

^ 33n + 19 (2n\ fn\ (n + 2k\ f2k\ „ k . , 9 . 

n=0 v 7 fc=0 v 7 v / \ / 

Remark. There are many similar congruences. The quadratic fields Q( v /= 33) 
and Q(y/— 57) have class number four. 
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Conjecture A87 ([S-13]). For any positive integer n, we have 



8(2n-l) 



3n 
n 



E 

k=0 



6k\ (3k\ /6(n - k)\ (3{n - k) 
3k)\k) \3(n-k)J \ n-k 



Conjecture A88 ([Sllh]). Let k and I be positive integers. If (In + 1) | 
{ n u~ n ) for all sufficiently large positive integers n, then each prime factor 
of k divides I. In other words, if k has a prime factor not dividing I then 
there are infinitely many positive integers n such that (In + 1) f ( kn ^ n ) ■ 

Remark. The author [Sllh] noted that if k and / are positive integers then 
( kn ^ n ) = (mod (ln + l)/(kjn + l)) for all n E Z+ . 

Conjecture A89 ([Sllg]). For n = 0, 1, 2, . . . set 

(6n\ (3n\ 

Sn 2(2n + !)(-)• 
Then, for any prime p > 3 we have 

^4 Sk / (mod p) if p = ±1 (mod 12), 
^ 108 fc = 1 -1 (mod p) ifp = ±5 (mod 12). 

Also, there are positive integers ti, t%, £3, . . . such that 

2k cos(| arccos(6\/3a;)) 



E^ 2t+1 + ^-E f ^ 



24 ^ 12 

fc=0 k=l 

for all real x with \x\ ^ l/(6\/3)- Moreover, t p = —2 (mod p) for any 
prime p. 

Remark. The author [Sllg] showed that s n E Z for all n = 1,2,3, 

Using Mathematica the author found that 

" fc sin(|arcsin(6y^)) ( J_\ 
and in particular 

00 

E 



_s k 3\/3 

T 

fc=0 



108 fc ~ 8 



Recall that the Fibonacci sequence {F n } n ^o and the Lucas sequence 
{L n } n ^ are defined by 

F = 0, F 1 = l, and F n+1 = F n + F n _ x (n = 1, 2, 3, . . . ), 

and 

L = 2, Li = 1, and L n+l = L n + L n _i (n = 1,2, 3, . . .)• 
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Conjecture A90 (Discovered on Oct. 27, 2010). Let p ^ 2,5 be a prime 
and set q := F p _^/p. Then 



k 

p-1 



Lok 5 15 



k=\ \ k ) 



(p-3)/2 / 2 fc 



(p-3)/2 / 2 fcw . \ 

Remark. The conjecture was motivated by the following new identities 
observed by the author on Oct. 27, 2010: 

00 7-1 /i 2 00 r 2 

\- F 2 fc _ 4tH \- L 2k ^ ?H 

£s *>(¥) ~ MVS" 5- 

( 2 fc fc )-^2fc+l _ 27T ^ ( 2 fc fc )L 2 fc+l 27T 

2-.( 2 /c + l)16 fc " 57!' ^ (2/c + l)16 fc ~ T" 
In fact, they can be obtained by putting x = (a/5± l)/2 in the identities 



arcsm 



— = / 7— v „, - and > — 7^7- = 2 arcsnT -. 

2 ^(2fe+ 1)4*^2; j^ 2 *) 2 



Conjecture A91 ([S-5]). For any n G Z+ tye /iaue 



(_l)L»/5j-i ^1 / 2jfe 

27a F2k + X 



' 6 (mod 25) if n = (mod 5), 

4 (mod 25) if n = 1 (mod 5), 

(2n + l)n 2 ( 2 n n ) ^ ZK+1 \kJ ~" | 1 (mod 25) i/ n = 2, 4 (mod 5), 

[ 9 (mod 25) if n = 3 (mod 5). 

v4iso, if a,b & Z + anc? a ^ 6 t/ien £/ie sum 
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modulo 5 b only depends on b. 

Remark. In [S-5] the author proved that if p 7^ 2, 5 is a prime then 

A- (I v ' ' 



and 



Recall that the usual (/-analogue of n G N is given by 

W. = ^7 = E 

which tends to n as 5 — > 1. For any n, /c G N with k, 



n 



0<r^nl. r .l<7 



(n 



0<s<fc 



>U(II 



0<t^n-fc 



[*]«) 



is a natural extension of the usual binomial coefficient (^) . A (/-analogue 
of Fibonacci numbers introduced by I. Schur [Sc] is defined as follows: 

F o {q) = 0, F 1 (q) = l, and F n+1 {q) = F n {q) + q n F n _ 1 {q) (n = 1, 2, 3, . . . )• 

Conjecture A92 ([S-5]). Let a and m be positive integers. Then, in the 
ring 1>[q], we have the following congruence 



5 a m-l 



^ g -2*(fc+l) 



k=0 



'2k 

k 



F 2fc+1 ( O ) = 0(mod [5 a ] 2 Q ). 



Conjecture A93 ([S-5]). For any n G we have 

1 (mod 9) ifn = 0,2 (mod 9), 



n-l 



2k 



n 



»(w+l)( 2 ") E"^ 4 ' 1 )^"^ < 4(mod9) */n = 5,6(mod9), 



-2 (mod 9) otherwise. 
Also, if a,b G Z + and a ^ 6 — 1 t/ien £/ie sitm 

3 a -l 



^E«-(^)© 

fc=0 v 7 
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modulo 3 b only depends on b. 

Remark. In [S-5] the author proved that if p > 3 is a prime then 

!-K*H((§)-(t)) (modp2) 



fc=0 

and 



fc=0 ^ 7 



Conjecture A94 ([S-7, S-8]). For G N set #£ 2) = Efxj^fc 1 /.?' 2 - # 
p > 3 is a prime, then 

Ef^^ + ^- 5 (mod p 3), 

fc = l ^ 

> , , = H P B p - 5 (mod p 3 ), 

^ A;2 fc 16 p 2 128(T p V F 1 



fe=i 



y IS^ 2 ! = _ 8 . flg-i ^8_ p2jB (mod 3) 
^ A;3 fc 9 p 2 121b y p K ' 

7 1 " 



k = l 

P-1 (2k 



fc=l ^ 

Remark. Mathematica 7 yields that 

^ 2*g< 2 _> 1 ^ ~ 3^ggi _ 27T 4 

Also, 

^-U2 (2)_3 f , d \- 4 if fc-1 _ yr 

k=l k=l \k) 

Conjecture A95 ([Slle]). Let p be an odd prime and let h G Z with 
2h — 1 = (mod p) . If a G Z + and p a > 3, i/ien 



fc=0 x 7 v 

v4Zso, /or any n G Z + we have 



a+l-- 



' / /in — 1\ / 2k\ ( /i x 



fc=0 



74 ZHI-WEI SUN 

Conjecture A96 ([Slle]). Let m G Z with m = 1 (mod 3). TTien 



/or every n G Z + . Furthermore 

3 a -l /„„ -,\ /2A- 

3~ 



- V ( T 7 x ) (-i) fc ^v = ( mod 3I/3(m_1) 

5 a ^ I fc / m k 3 V 

z — n V / 



fe=0 

/or each integer a > v^{m — 1). Also, 

3 a -l 



£ ( 3 \ ^(-^(t) ^" 32a_1 ( mod32a ) /or every a = 2, 3, ... . 

Conjecture A97 ([Slla]). For any odd prime p and positive integer n 
we have 

" 1 '(p- l)k\\ ^ ( (In 



k=0 



Remark. The author [Slla] proved that an integer p > 1 is a prime if and 
only if 

p-1 



x^t. 1 ,*) 30 ^- 

i — n \ ' ' / 



fc=0 

He also showed that if n G Z + is a multiple of a prime p then 

n-l 



Conjecture A98 ([S-3]). Let m ^ 2 and r 6e integers. And let p > r be 

an odd prime not dividing m. 

(i) If m > 2, m ^ r (mod 2), and p = r (mod m) witt r ^ —m/2, then 



P-1 / / \ m 



fc=0 

(ii) If p = r (mod 2m) with r ^ — m, t/ien 

P-1 / / x 2n+l 



£(-!)*( ,) =0(modp 2 ) /ora//n = l,...,m-l. 

fc=o V " / 
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(iii) For any prime p and positive integer n, we have 



fc=0 



-l/(p+l) 

fc 



> C r 



i/ p (n) + 1 



where 



1 i/p=2, 
3 t/p=3, 
5 if p^ 5. 

Remark. The author [S-3] proved part (ii) in the case n = 1. He [SlOj] 
also showed that for any prime p > 3 we have 



gM/(p + i) XP+1 



fc=0 



fc 



(mod p 5 ) 



and 

p-i 



E(- 1 ) ta ( p/ "I" 1 )' 

fc=0 v ' ' 



(mod p 4 ) for any integer m ^ (mod p). 



He conjectured that there are no composite numbers n satisfying the con- 
gruence 

' -l/(n+ir 

fc 



fc=0 v 7 



Conjecture A99 (Discovered in 2007). Let p be a prime and let l 7 n EN 

and r G Z. If n or r is not divisible by p then we have 



E 

k=r (mod p) 
n — lp — 1 
P — 1 



L( n -J-l)/(p-l)j 
/ 



Remark. D. Wan [W] proved that the inequality holds if the last term on 
the right-hand side is omitted (see also Sun and Wan [SW]). 

Conjecture A100. (i) (raised on Nov. 2, 2009 via a message to Number 
Theory List) If n > 1 is an odd integer satisfying the Morley congruence 
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then n must be a prime. 

(ii) ([S10]) If an odd integer n > 1 satisfies the congruence 

n-l /2k\ 

E ^ - (-l)^ 2 Hod n 2 ), 

k=0 

then n must be a prime. 

(iii) ([SHj]) Set a n := J2k=o C) ^ / or 71 = 0,1,2,.... 4ny integer 
n > 1 satisfying a\ + • • • + a n _i = (mod n 2 ) must be a prime. 

Remark, (a) In 1895 Morley [Mo] showed that ( {p P T 1 1 )/2 ) = (-l)^^" 1 (mod 
for any prime p > 3. The author has verified part (i) of Conj. A100 for 
n < 10 4 . 

(b) The author [S10] proved that if p is an odd prime then 

P-l (2k\ 

£^ = (-l) (p - 1)/2 (modp 2 ). 

fc=0 

And he verified part (ii) of Conj. A100 for n < 10 4 via Mathematica. On 
the author's request, Qing-Hu Hou at Nankai Univ. finished the verifica- 
tion for n < 10 5 . 

(c) The author [Sllj] proved that J2k=\ a k = (mod p 2 ) for any odd 
prime p, and he also verified part (iii) of Conj. A100 for n ^ 70, 000. 



Part B. Conjectures that have been confirmed 

Conjecture Bl (raised in an early version of [Slle], and confirmed by 
Kasper Andersen). For any positive integer n, the arithmetic mean 

n-l 



k=o v 7 



is always an integer divisible by 4(^ 7 '). 

Remark. The author created the sequence {s n } n ^i at OEIS as A173774 
(cf. [S]). On Feb. 11, 2010, Andersen proved the conjecture by noting that 
t n '■= ■s n /(4( 2 r ^)) coincides with 

EWn+k-V 2 

k=0 
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Conjecture B2 (raised in [Sllb], and confirmed by Zhi-Hong Sun [Sul]). Let 

p be an odd prime. Then 



k=0 

and 



E((-2)" fc -4- fc ) ( 2 ^ 2 ^0(modp) 



E -iff- = ^4 — ( mod p )■ 

£;=0 

If p = 1 (mod 4) and p = x 2 + y 2 with x = 1 (mod 4) and n = (mod 2), 
£/ien 

fc=0 fc=0 v ' 

and 



p-i 



32 fc ~ ' 2x 

k=0 



If p = 3 (mod 4) t/ien 



P-l (2k^ 2 



( 2k X 

^^^(modp 2 ). 

fc=0 



Remark. The author proved those congruences modulo p except the first 
one. 

Conjecture B3 (raised in 2009, and confirmed by Roberto Tauraso). Let 

p be an odd prime. Then 

(p-i)/2 c2 (p-i)/2 ^ 

£ -j^ = 12p 2 - 4 (mod p 3 ) and £ ~[^t = 4 ~ 10 P 2 ( mod A 

fe=0 fc=0 

Also, 

k=0 



and 



(p- 1 )/ 2 Mfc\^ 9 
£ = (-1) (P " 1)/2 §P (mod p 2 ) pnwidedp> 3. 



fc=0 
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If p > 3, then 

P-1 (3k\ n 0-l)/2 /^feN^ 

^ki^p (mod P V»d £ k2£ = | (|) (mod 

fc=0 k=0 

Remark. The author [Sllb] showed that Yl=l C l/ l&k = ~ 3 ( mod P) for 
any odd prime p, and his PhD student Yong Zhang proved the first and 
the second congruences mod p 2 . Mathematica yields that 

27^ 81 
/ ; Qi. x = —, 3v37r. 

Conjecture B4 (raised in 2009, and confirmed by the author's PhD stu- 
dent Yong Zhang). Let p be an odd prime. Then 

(p-l)/2 / 2k \ 2 

E ^r--(-l) (p - 1)/2 -4 + p 2 (8 + i? p _3) (mod/). 
If p> 3, then 

(p-l)/2 

16 fc = 8 ( m ° d ^ )• 

fc=0 



If p = 1 (mod 4), o/ien 



8 fc 

fc=0 

If p = 3 (mod 4), o/ien 



J2 uju±il s o (mod p) . 



~~ r~~ — ^rr- = —10 (mod p). 

y ( _ 16)fc i ^ 



fe=0 

Remark. As for the first congruence in Conjecture B5, the author proved 
the congruence mod p and then his PhD student Yong Zhang showed the 
congruence modp 2 . Following the author's recent method in [Slle], Zhang 
confirmed the congruence with the help of the software Sigma. 

Conjecture B5 (raised in [Slla], and confirmed by the author's PhD 
student Yong Zhang). Let m G Z with m = 1 (mod 3). Then 

"-'(?)■ 



^3 



£ E ^HT )> min Wn), i/ 3 (m - 1) - 1} 

v fc=0 7 



/or every n G Z + . Furthermore, 

. 3 a -l /2fc\ 1 



3 a m A 

£;=0 



/or any integer a ^ ^(m — 1). 
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Conjecture B6 (raised in [Slle], and confirmed by Hao Pan and the 
author [PS]). Let p be an odd prime and let a G Z + . If p = 1 (mod 4) or 
a > 1, then 



Conjecture B7 (raised in [Slle], and confirmed by the author's former 
student Hui-Qin Cao). If p is a prime with p = 11 (mod 12), then 



Conjecture B8 (raised in [Slle], and confirmed by R. Mestrovic [Me]). For 
any prime p > 3, we have 



Remark. Motivated by the identity J2kLi H 2 /k 2 = 177r 4 /360, the author 
[Slle] proposed the conjecture and proved that $^fe=i H 2 /k 2 = (mod p) 
for any prime p > 5. Other conjectures in [Slle] were confirmed by the 
author and Li-Lu Zhao [S-Z]. 

Conjecture B9 (raised in [Slid], and confirmed by Hui-Qin Cao and the 
author [CS]). Let p > 3 be a prime. Then 




k=0 



(mod p 2 ). 






Ifp = ±l (mod 12), then 



fc=0 v / \ / 



(P"l)/2 



u p _i(4,l) (mod p 3 ). 



If p = ±1 (mod 8), then 




p-l\ (2k\ u fc (4,2) 



(_l)(p-i)/2 



u p _i(4,2) (mod p 3 ). 
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Remark. Note that 

2 k/2 P k if k is even, 

2 (fc - 3)/2 Q fc if k is odd. 



ujfc(4,2) = 
The author [S-4] showed that 



and 



fc=0 

(P"l)/2 



E ^)(-), 2( - 1 ,-(^) M 



k=0 

Recall that the nth Bell number b n denote the number of partitions 
of a set of cardinality n. Bell numbers are also given by bo = 1 and 
bn+i = ELo { n k) h k (n = 1,2,3,...)- 

Conjecture BIO (discovered on July 17, 2010, and confirmed by the 
author and D. Zagier [SZ]). For any positive integer n there is a unique 
integer s(n) such that for any prime p not dividing n we have 

k=o { n> 

In particular, 

s(2) = 1, s(3) = 2, s(4) = -1, s(5) = 10, s(6) = -43, 
s(7) = 266, s(8) = -1853, s(9) = 14834, s(10) = -133495. 

Remark. The author and D. Zagier [SZ] proved that s(n) = (—l) n ~ 1 D n -i + 
1 for all n = 1,2,3,..., where D m denotes the derangement number 
ml Y^k=o(~ l) fc /^' (the number of fixed-point-free permutations of a set 
of cardinality m) . 

Conjecture Bll (raised in an early version of [S-6], and actually con- 
firmed by F. Rodriguez-Villegas [RV1]). Let p be an odd prime and let 
m = 4 (mod p) . Then 

v p(Y. ^4) > (i 2n + 1) ( 2U ) ) f° r an V n e Z+. 



x fc=0 7 
Moreover, if p > 3 £/ien 

(p a "l)/2 / 2 fc 



5 £ 7^ - (-I)*--" 2 (mod p). 



^ fc=0 
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Conjecture B12 (raised in [Slid], and confirmed by Z. H. Sun [Su2]). Let 

p be an odd prime. Then 

P- 1 7-) /o; \ 2 



E JZgjk = ( m ° d P ^ { fP = 5 ( m ° d 8 )' 

E^rf^) =0(modp) if p = 7 (mod8), 

E ( Z§jk (^f^j =°( mod P) if p = 5,7 (mod 8), 

E32II fc) =°( mod ^) */p = 5 (mod 8). 



gn^/2R 2 ^ o(modp) . /p ^ 2(mod3)) 
fc=0 ^ 7 

E^ 1 ^) -°( mod ^ 11 (mod 12), 

fc=0 ^ 7 

E ^ (?) 2 - E ^ (?) 2 - o (mod P) !/P s e (mod 12) . 

fc=0 V 7 fc=0 v 7 

Conjecture B13 (raised in [Slle], and confirmed by Z. H. Sun [Su2]). Let 

p be an odd prime. Then 

^ ( 2 fc fe ) 3 ( 4x 2 - 2p (mod p 2 ) if A \p-l & p = x 2 + y 2 (2 fx), 
(-8) fc = 1 (mod p 2 ) %fp = ^> (mod 4). 

Also, when p = 1 (mod 4) we /iai>e 

(P" 1 )/ 2 .7 , 1 /n,\ 3 



E "64S-UJ "° (m ° dp) - 

fc=0 v 7 
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Conjecture B14 (raised in [Sllb, Slid, Slle, S-8], and confirmed by S. 
Mattarei and R. Tauraso [MT]). Let p > 3 be a prime. Then 

^ (-2)* (2k\ _ „ _ 2 



I 1 V / 



k = l 

P- 1 ofc 



pEj^sy = (y) -i-p9p(2)+p 2 ^-3 (modp 3 ), 

1 \ k / 

p— i 2 

p E = " + f^ s p-3 ( mod A 

P_1 3 fc 3 _ 4 



fc=i K UJ ^ 

Itff ee^ p (2) 2 (modp), 



fc=i v 7 

Ai — 1 



Remark. It is known that 

— 2 fc 7T A 2 k tv 2 A 3 fc 2 



77^7 = 9"' Z_, TTT^T = - :TT " = _ " • 

fc= 



* 2 ' ^ 2 (") 8 ' t^t) 



9 



Glaisher (cf. [Ma]) got the formula E^li 4 V(^ 2 ( 2 fc )) = ^ 2 /2- Let p > 3 
be a prime. During March 6-7, 2010 the author [Slle] showed that 

E ^Tjy - (-i) (p " 1)/2 4i? P _3 (mod p). 

Conjecture B15 (raised in [Slle], and confirmed by J. Guillera [G6]). We 

have the identity 

^ (lU--3)64* _ g 2 
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Conjecture B16 (raised in [Slle], and confirmed by Zhi-Hong Sun [Su4]). 

(i) Let p be a prime with p = 1, 3 (mod 8). Write p = x 2 + 2y 2 with 
x = 1 (mod 4). Then 



P-1 (4k\ (2k\ 



£ ^WF - (-D L( ' +5,/8J (2x - £) (mod pf). 

fc=0 



(ii) Let p = 1 (mod 4) be a prime. Write p = x 2 +y 2 with x = 1 (mod 4) 
and y = (mod 2) . Then 

J2 - / (-l) Lx/6J (2^-p/(2x)) (modp 2 ) i/p=l (mod 12), 

k=0 



864 fc " \ (^)(2y -p/(2y)) (mod p 2 ) t/p = 5 (mod 12). 



Remark. The author [S-9] proved that © fif )/ 12 8 fc = (mod p 2 ) 

for any prime p = 5, 7 (mod 8), and fcgjE) Ck)/ 128 * = ( mod P 2 ) for 

any prime p = 1, 3 (mod 8). He also showed that £fc=J g) ( 3 fc fc )/864 fc = 

(mod p 2 ) for any prime p = 3 (mod 4), and Efc=UK) C?)/ 864 ^ = 
(mod p 2 ) for any prime p = 1 (mod 4). The author conjectured that 

1 5a_1 fcC 6 ^ 3 ^ 

^ E 864. = 75 (^125) for all a = 1, 2, 3, . . . . 

fc=0 

Conjecture B17 (raised in an early version of [Sllj] and confirmed by 
Guo and Zeng [GZ2]). For any n G Z + and x G Z we have 

n-l 

J2( 2k + l)(-l) fc -4fc(£) = (mod n). 

k=0 

If p is an odd prime, then 

J2(2k + l)(-l) k A k (x)=pf^—^) (modp 2 ). 
fc=o VP/ 

For any prime p > 3 we have 
p-i 

£(2* + l)(-l) fc ^=p(|) (modp 3 ) 

fc=0 

and 

p_1 4 

£(2* + l){-l) k A k {-2) =p- -p 2 q p {2) (mod p 3 ). 

k=0 
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Conjecture B18 (raised on April 4, 2010 (see [S-7]) and confirmed by K. 
Hessami Pilehrood and T. Hessami Pilehrood [HP2]). (i) For any n G Z + 

we have 

1 ^ (1k x 5 



J— ~ /9h\ 

^(205A; 2 + 160A; + 32)(-l) n " 1 - fc f J G Z+. 

i — n V / 



8» 2 ( 2 „")'S 
(ii) Let p > 5 6e a prime. Then 
p- 1 /2AA 5 

V(205A; 2 + 160A; + 32)(-l) fc ( ) = 32p 2 + 64p 3 tf p _i (mod p 7 ). 

Remark. The conjecture was motivated by the identity 
~ (-l) fc (205fc 2 -160fc + 32) = _ 2C(3) 

fc5 ( 2 ") 5 

obtained by T. Amdeberhan and D. Zeilberger [AZ]. The author also con- 
jectured that 

^ (205A; 2 + 160A; + 32)(-l) fc ^y = 32p 2 + ^ 5 S p _ 3 (mod/) 
fc=0 ^ ' 

for any prime p > 3; this is still open. 

Conjecture B19. (i) (raised in [Slle] and confirmed by K. Hessami 
Pilehrood and T. Hessami Pilehrood [HP2]) We have 

^ (15fc-4)(-27)*-' = y-(j) 

K ^(?) 2 (?) ^ *" ' 

(ii) (raised in [Slle] and confirmed by K. Hessami Pilehrood and T. 
Hessami Pilehrood [HP3]) For each prime p > 5 we have 

E + ^ = ^(ISP " 6) + ^ 2 S P -5 (mod p 3 ). 

tt^^) 3 P 3 P 2 5 

Conjecture B20 (raised in [Sllj, Silk] and confirmed by Hao Pan 
[P]). Let m > 1 anrf n 6e positive integers and let x be any integer. Then 

n— 1 n— 1 n— 1 

- V(2fc + l) J D fc (x) m , -V(2fc + l)i4 fc (x) m , - V(2fc + l)(-l) fc A fc (xr 
n z — ' n z — ' n * — ' 

fc=0 £:=0 A:=0 

are a// integral. 

Remark. Let n > and x be integers. The author [Sllj] proved that 
lYT k Zl{^ + l)D k (x) G Z andiEt!(2Hl)4(i) G Z. Guo and Zeng 
[GZ2] confirmed the author's conjecture that ^ X^fc=o(2^+l)( _ l) fc ^4fc(a0 G 
Z. In [Sllj] the author showed that n 2 | Efc=o( 2/c + l)-Dfc(z) 2 - 



OPEN CONJECTURES ON CONGRUENCES 



85 



References 



[A] 

[AZ] 

[BB] 

[Be] 
[CS] 

[CC] 

[C] 
[Gl] 

[G2] 

[G3] 

[G4] 

[G5] 

[G6] 

[GZ1] 

[GZ2] 

[HP1] 

[HP2] 

[HP3] 
[HW] 
[I] 

[Ma] 
[MT] 
[Me] 



S. Ahlgren, Gaussian hypergeometric series and combinatorial congruences, in: 
Symbolic computation, number theory, special functions, physics and combina- 
torics (Gainesville, FI, 1999), pp. 1-12, Dev. Math., Vol. 4, Kluwer, Dordrecht, 
2001. 

T. Amdeberhan and D. Zeilberger, Hypergeometric series acceleration via the 
WZ method, Electron. J. Combin. 4 (1997), no. 2, #R3. 

N. D. Baruah and B. C. Berndt, Eisenstein series and Ramanujan-type series 
for 1/tt, Ramanujan J. 23 (2010), 17-44. 

B. C. Berndt, Ramanujan's Notebooks, Part IV, Springer, New York, 1994. 
H. Q. Cao and Z. W. Sun, Some super congruences involving binomial coeffi- 
cients, preprint, arXiv:1006.3069] . tittp://arxiv.org/abs/ 1006. 3069. 



D. V. Chudnovsky and G. V. Chudnovsky, Approximations and complex mul- 
tiplication according to Ramanujan, in: Ramanujan Revisited: Proc. of the 
Centenary Confer. (Urbana-Champaign, ILL., 1987), (eds., G. E. Andrews, B. 

C. Berndt and R. A. Rankin), Academic Press, Boston, MA, 1988, pp. 375-472. 

D. A. Cox, Primes of the Form x 2 + ny 2 , John Wiley & Sons, 1989. 

J. Guillera, About a new kind of Ramanujan-type series, Experiment. Math. 12 
(2003), 507-510. 

J. Guillera, Ramanujan series. Generalizations and conjectures, PhD Thesis, 
University of Zaragoza, 2007. 

J. Guillera, Hypergeometric identities for 10 extended Ramanujan-type series, 
Ramanujan J. 15 (2008), 219-234. 



J. Guillera, A new Ramanujan-like series for 1/n 2 , preprint, |arXiv: 1003. 191 5[ 



http : //arxiv . org/abs/1003 .1915 



J. Guillera, Tables of Ramanujan series with rational values of z, preprint, 
http : //personal . auna . com/ jguillera/ramatables . pdf . 

J. Guillera, WZ-proofs of "divergent" Ramanujan-type series, preprint 



http : //arxiv . org/abs/1012 . 2681 



arXiv:1012.2681 



V. J. W. Guo and J. Zeng, New congruences for sums involving Apery numbers 

or central Delannoy numbers, preprint, http://arxiv.org/abs/1008.2894. 

V. J. W. Guo and J. Zeng, Proof of so me conjectures of Z. - W. Sun on co ngru- 



ences for Apery polynomials, preprint, http: //arxiv. org/abs/ 1101 . 0983 



K. Hessami Pilehrood and T. Hessami Pilehrood, Generating function identities 
for C(2n + 2),£(2n + 3) via the WZ method, Electron. J. Combin. 15 (2008), 
#R35, 9 pp. 

K. Hessami Pilehrood and T. Hessami Pilehrood, Bivariate ide ntities for values 
of the Hurwitz zeta function and supercongruences, preprint, arXiv:1104.3659[ 



http : //arxiv . org/abs/ 1 104 . 3659 



K. Hessami Pilehrood and T. Hessami Pilehrood, Congruences arising from 



Apery-type series for zeta values, preprint, http://arxiv.org/abs/1108.1893 



R. H. Hudson and K. S. Williams, Binomial coefficients and Jacobi sums, Trans. 
Amer. Math. Soc. 281 (1984), 431-505. 

T. Ishikawa, Super congruence for the Apery numbers, Nagoya Math. J. 118 
(1990), 195-202. 

R. Matsumoto, A collection of formulae for n, on-line version is available from 
the website xttp : //www.pluto . ai . kyutech. ac . jp/plt/matumoto/pi_small . 

S. Mattarei and R. Tauraso, Congruences for central binomial sums and finite 



polylogarithms, preprint, arXiv:1012.1308. http://arxiv.org/abs/1012.1308 



R. Mestrovic, A proof of a conjecture by Sun on congruence for harmonic num- 
bers, preprint, |arXiv:1108.117l|. [http://arxiv.org/abs/1108. 1171. 



86 



ZHI-WEI SUN 



[Mo] 
[Ml] 
[M2] 
[M3] 

[M4] 
[O] 

[P] 
[PS] 
[R] 
[RV] 

[RV] 

[Sc] 

[S P ] 

[Sul] 

[Su2] 
[Su3] 

[Su4] 
[S] 

[S10] 

[Slla] 

[Sllb] 

[Sllc] 

[Slid] 

[Slle] 

[Sllf] 

[SUg] 
[Sllh] 



F. Morley, Note on the congruence 2 4n = (— \) n (2n)\ / (n\) 2 , where 2n + 1 is a 
prime, Ann. Math. 9 (1895), 168-170. 

E. Mortenson, A supercongruence conjecture of Rodriguez- Villegas for a certain 
truncated hypergeometric function, J. Number Theory 99 (2003), 139-147. 
E. Mortenson, Supercongruences between truncated qFi by geometric functions 
and their Gaussian analogs, Trans. Amer. Math. Soc. 355 (2003), 987-1007. 
E. Mortenson, Supercongruences for truncated n +iF n hypergeometric series with 
applications to certain weight three newforms, Proc. Amer. Math. Soc. 133 
(2005), 321-330. 

E. Mortenson, A p-adic supercongruence conjecture of van Hamme, Proc. Amer. 
Math. Soc. 136 (2008), 4321-4328. 

K. Ono, Web of Modularity: Arithmetic of the Coefficients of Modular Forms 
and q-series, Amer. Math. Soc, Providence, R.I., 2003. 



H. Pan, On divisibility of sums of Apery polynomials, preprint, irXiv: 1108. 1546 



http://arxiv.org/abs/1108. 1546 



H. Pan and Z. W. Sun, Proof of three conjectures on congruences, preprint, 
arXiv:1010.2489| . frttp://arxiv.org/abs/1010.2489| . 

S. Ramanujan, Modular equations and approximations to n, Quart. J. Math. 
(Oxford) (2) 45 (1914), 350-372. 

F. Rodriguez- Villegas, Hypergeometric families of Calabi-Yau manifolds, in: 
Calabi-Yau Varieties and Mirror Symmetry (Toronto, ON, 2001), pp. 223-231, 
Fields Inst. Commun., 38, Amer. Math. Soc, Providence, RI, 2003. 
F. Rodriguez- Villegas, Some classical p-adic analysis, preprint, 2010. 

I. Schur, Gesmmelte Abhandungen, Vol. 2, Springer, Berlin, 1973, pp. 117-136. 
R. Sprugnoli, Sums of reciprocals of the central binomial coefficients, Integers 6 
(2006), #A27, 18pp (electronic). 

Z. H. Sun, Congruences concerning Legendre polynomials, Proc. Amer. Math. 
Soc. 139 (2011), 1915-1929. 

Z. H. Sun, Congruences concerning Legendre polynomials II, preprint, to appear. 
Z. H. Sun, Congruences concerning Legendre polynomials III, preprint, to ap- 
pear. 

Z. H. Sun, Supercongruences modulo p 2 , preprint, to appear. 

Z. W. Sun, Sequences A173774, A176285, A176477, A178790, A178791, A178808, 



A 179089, A 179 100 at OEIS, |http : //www ■ oeis . org/seis . html . 

Z. W. Sun, Binomial coefficients, Catalan numbers and Lucas quotients, Sci. 



China Math. 53 (2010), 2473-2488. frittp : //arxiv . org/abs/0909 . 564g| . 

Z. W. Sun, p-adic valuations of some sums of multinomial coefficients, Acta 
Arith. 148 (2011), 63-76. 

Z. W. Sun, On congruences related to central binomial coefficients, J. Number 
Theory 131 (2011), 2219-2238. 

Z. W. Sun, Arithmetic theory of harmonic numbers, Proc. Amer. Math. Soc, 



to appear, tittp: //arxiv. org/abs/0911 .4433 



Z. W. Sun, On harmonic numbers and Lucas sequences, Math. Publ. Debrecen 



79 (2011), in press, http : //arxiv . org/abs/1006 . 2776 



Z. W. S un, Super congruences and Euler nu mbers, Sci. China Math. 54 (2011), 
in press, http://arxiv.org/abs/1001.4453. 

Z. W. Sun, On Delannoy numbers and Schroder numbers, J. Number Theory 
131 (2011), 2387-2397. 

Z. W. Sun, Products and sums divisible by central binomial coefficients, submit- 



ted, jittp : //arxiv . org/abs/1004 . 4623 . 

Z. W. Sun, On divisiblity concerning binomial coef 



icients, J. Austral. Math. 



Soc, revised, http://arxiv.org/abs/1005.1054 



OPEN CONJECTURES ON CONGRUENCES 



87 



[Slli] 

[SHj] 

[Silk] 

[Sill] 

[S-l] 

[S-2] 

[S-3] 

[S-4] 

[S-5] 

[S-6] 

[S-7] 

[S-8] 

[S-9] 

[S-10] 

[S-ll] 

[S-12] 

[S-13] 

[ST] 

[SW] 

[SZ] 

[S-Z] 

[Tl] 

[T2] 

[vH] 

[W] 



Z. W. Sun, On sums involving products of three binomial coefficients, submitted, 



arXiv:1012.3141. ittp : //arxiv . org/abs/1012 .3141 



Z. W. Sun, On sums of Apery polynomials and relat ed congruences, submitted, 
arXiv:1101.1946| . jittp : //arxiv . org/abs/1101 . 1946) . 



Z. W. Sun, Congruences involving generalized central trinomial coefficients, sub- 
mitted, |arXiv:1008.3887| . [http : //arxiv. org/abs/1008 . 3887| . 

Z. W. Sun, On sums of binomial coefficients modulo p 2 , submitted, arXiv:0910.5667 



http : //arxiv . org/abs/0910 . 5667 



Z. W. Sun, Various congruences involving binomial coefficients and higher-order 
Catalan numbers, |arXiv:0909.3808|. |http : //arxiv . org/abs/0909 . 3808. 



Z. W. Sun, A refinement of the Hamme-Mortenson congruence, arXiv:1011.1902. 



http://arxiv.org/abs/1011. 1902 



Z. W. Sun, Some new super- congruences modulo prime powers, arXiv:1011.3487 



http : //arxiv . org/abs/ 101 1 . 3487 



Z. W. Sun, Congruences involving binomial coefficients and Lucas sequences, 
preprint, |arXiv:0912.128C| . jrttp : //arxiv. org/abs/0912 . 128c| . 



Z. W. Sun, Curious congruences for Fibonacci numbers, preprint, arXiv:0912.2671 



http : //arxiv . org/abs/0912 . 2671 



Z. W. Sun, Fibonacci numbers modulo cubes of primes, preprint, arXiv:0911.3060 



http : //arxiv . org/abs/091 1 . 3060 



Z. W. Sun, A new series for n d and related congruences, preprint, arXiv: 1009.5375 



http : //arxiv . org/abs/1009 . 5375 



Z. W. Sun, Fast converging series for some famous constants, arXiv:1010.4298 



http : //arxiv . org/abs/1010 . 4298 

Z. W. Sun, Super congruences and elliptic curves over¥ p , preprint, ^rXiv:1011.6676 



http://arxiv.org/abs/1011.6676 



Z. W. Sun, On sums related to central binomial and trinomial coefficients, 
preprint, |arXiv:1101.0600| . jittp : //arxiv . org/abs/ 1 101 . 060C| . 
Z. W. Sun, List of conjectural series for powers of n and other constants, 
preprint, |arXiv:1102.5649| . jittp : //arxiv . org/abs/1 102 . 5649| . 

Z. W. Sun, Conjectures and results on x 2 mod p 2 w ith 4p = x 2 + dy 2 , preprint, 



arXiv:1103.4325| . jittp : //arxiv . org/abs/1103 . 4325| . 



Z. W. Sun, Some new series for 1/ tt and related congruences, arXiv: 1104.3856 



http : //arxiv . org/abs/1 104 . 3856 



Z. W. Sun and R. Tauraso, New congruences for central binomial coefficients, 
Adv. in Appl. Math. 45 (2010), 125-148. 

Z. W. Sun and D. Wan, Lucas-type congruences for cyclotomic tp- coefficients, 
Int. J. Number Theory 4 (2008), 155-170. 

Z. W. Sun and D. Zagier, On a curious property of Bell numbers, Bull. Austral. 
Math. Soc. 84 (2011), 153-158. 

Z. W. Sun and L. L. Zhao, Arithmetic theory of harmonic numbers (II), preprint, 
arXiv:0911.4433| . frittp : //arxiv . org/abs/09 1 1 . 4431) . 



R. Tauraso, More congruences for central binomial coefficients, J. Number The- 
ory 130 (2010), 2639-2649. 

R. Tauraso, Supercongruences for a truncated hypergeometric series, preprint, 
arXiv:1007.3852| . frttp : //arxiv . org/abs/1007 . 385^ . 



L. van Hamme, Some conjectures concerning partial sums of generalized hyper- 
geometric series, in: p-adic Functional Analysis (Nijmegen, 1996), pp. 223-236, 
Lecture Notes in Pure and Appl. Math., Vol. 192, Dekker, 1997. 
D. Wan, Combinatorial congruences and ip-operators, Finite Fields Appl. 12 
(2006), 693-703. 



cS<S 



ZHI-WEI SUN 



[ZPS] L. L. Zhao, H. Pan and Z. W. Sun, Some congruences for the second- order 
Catalan numbers, Proc. Amer. Math. Soc. 138 (2010), 37-46. 

[Z] D. Zeilberger, Closed form (pun intended!), Contemporary Math. 143 (1993), 
579-607. 

[Zu] W. Zudilin, Ramanujan-type super congruences, J. Number Theory 129 (2009), 
1848-1857. 



